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PREFACE. 



The three great branches of elementary mathematics, mean- 
ing all that should precede the study of the Differential 
Calculus, are Arithmetic, Algebra, and Geometry. Each 
pair of these gives rise to a new inquiry, namely, the con- 
nexion which exists between the two. Thus, it is practi- 
cable to consider separately, 1. The application of arith- 
metic to algebra, and of algebra to arithmetic. 2. That of 
arithmetic to geometry, and of geometry to arithmetic. 
3. That of algebra to geometry, and of geometry to algebra. 

This will, at first sight, appear something like an undue 
quantity of distinction : nevertheless, with the exception only 
of the two-fold comparison of arithmetic with geometry, 
there is in it no degree of separation whjch cannot be fully 
justified, either as matter of necessity or convenience. 

The application of arithmetic to algebra is made in the 
very formation of the latter science, though based upon 
considerations neither known nor admitted in the former. 
But, nevertheless, those considerations are derived from 
arithmetic in this sense, — that the want of them is suggested 
by the imperfections of the latter, and the method of arriving 
at them by the manner in which those imperfections appear. 
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The ideas to which arithmetic cannot fail to bring us, are 
more than its language has power to express; and the 
passage from that science to algebra consists in the method- 
ical arrangement of the ideas to be expressed, and the 
invention of a language proper for the purpose. The appli- 
cation of algebra to arithmetic is a department of a more 
special character. It is of little consequence whether it be 
made a separate study, or not ; the indispensable branches 
of it appear in their proper places, and nothing more is 
necessary than to point out the connexion. The higher parts 
of what is called the theory of numbers have offered, as yet, 
singularly little aid in the application of mathematics to the 
sciences of matter, and may, therefore, be omitted entirely 
by the student whose wishes on this subject are bounded by 
the possession of an instrument for physical inquiry. Neither 
will the more exclusively mathematical student find any 
thing in that theory for which he should make special pre- 
paration in his elementary reading : I have, therefore, omitted 
it altogether in my Algebra, 

The application of arithmetic to geometry must be made 
as soon as the study of proportion begins. But, viewed by 
the side of arithmetic, geometry becomes the science of 
continuous magnitude in general : that is to say, the con- 
siderations on which it is necessary to dwell are such as 
-apply equally to all magnitudes, as well as to spaces or 
lengths. In the accompanying* treatise, On the Connexion 
of Number and Magnitude^ I have endeavoured, at least, 

* I have placed this treatise at the end of the Trigorumetry ; but 
it should be understood as intended to be read first, or, at least, that the 
' two should be read together. 
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to place the real difficulties of the subject before the higher 
class of students ; guaranteeing nothing more than this, that 
a larger proportion of readers will understand the tract in 
question than would, by themselves, be able to master the 
Fifth Book of Euclid. The extension of the arithmetical 
notion of ratio, (shewn to be necessary, as well as furnished, 
by the consideration of magnitude in general, but principally 
of space magnitudes), constitutes the primary portion of 
the application of geometry to arithmetic. 

The application of algebra to geometry is divisible into 
two distinct subjects. 1. The science usually called by that 
name, but which may be styled the theory of curves and 
surfaces. I may say of this part of the study, that though, 
on various accounts, it is very desirable that it should be 
made a separate branch, still it is not indispensable. A 
student of more than average intelligence might pick up, as 
he went along, enough of this part of mathematics to enable 
him to pursue his career : no new principles are insisted on, 
and the independent value of the subject mostly lies in the 
very extensive field of practice which it opens in the ele- 
ments of geometry and the operations of algebra. 2. Trigo- 
nometry : the subject of the present treatise ; on which I 
proceed to speak more at length. 

The notion which is now studied under the name of 
Trigonometry, is that of magnitude in a state of alternating 
increase and decrease, or periodic magnitude. The term 
itself merely implies the measurement of triangles, as geo- 
metry does that of the earth ; and it is still convenient to 
refer the measurement of triangles (and other figures) to 
trigonometry, but only as a minute and isolated application. 



VI PREFACE. 

Taking the primary idea of quantity alternately inereasing 
and decreasing, it is obviously of fundamental importance 
to detect a proper method of measurement. The circle 
presents itself for the purpose in the following way. Con- 
ceiving a periodic change of magnitude to run through its 
whole cycle in a given time, let a point revolve uniformly 
round a circle in the same time, starting from the end of a 
fixed diameter. The height of the point above the diameter 
is a periodic magnitude, which goes through all its changes 
in the same time as the given magnitude : and it is, in 
fact, one of the great objects of trigonometry to express 
periodic variation whose law is known in any way, by 
means of the simple species of variation just described. 

Upon further examining the question of periodic varia- 
tion, we discover in geometry, and in geometry only, a 
species of magnitude which is of necessity periodic, and is 
utterly exclusive of indefinite increase : namely, direction. 
In speaking of the direction of a line as a magnitude, we 
mean to imply that all direction is relative, inasmuch as 
we only judge the direction of one straight line by com- 
paring it with another. No straight line can increase its 
difference of direction from that of another indefinitely : 
after a certain quantity of change, coincidence is reproduced. 
The connexion of direction with length is found to lead to 
an extension of the algebra of positive and negative quan- 
tities, which gives the same power of interpreting a-\-bs/ — I 
relatively to «, as exists already in the case of -f- a or —a 
relatively to o. This is an application of geometry to 
algebra ; and, though there does exist a point of view in 
which geometry may appear not absolutely indispensable. 
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and which I have described in Chapter IV., yet it is pretty 
clear that abstraction must advance considerably before it 
will be safe to abandon reference to the science of space in 
presenting algebra complete to the beginner. The progress 
of algebra, in this respect, is very curious. In its infancy, 
g^metrical interpretation was rendered necessary by want 
of power in its symbolic language; was abandoned as the 
latter grew to maturity ; and is finally had recourse to again, 
because symbols are now sufficient to express relations of 
magnitude which do not yet exist except in regard to space. 

This modem application of geometry to algebra is traced 
in Professor Peacock's Report on Analysis to the British As- 
sociation, printed in the second volume of their Transactions 
(a.d. 1834). The account there given of this particular 
point, as well as the rest of the article, should be read by 
the student of the higher mathematics with great attention, 
as being equal, in the elementary point of view, and superior 
in the historical, to any thing which has yet appeared on 
the subject. The Report cited has rendered any reference 
to authorities unnecessary. 

I have not inserted any thing on the solution of spherical 
triangles ; the subject being one which, though of primary 
use in Astronomy, is but little connected with the funda- 
mental part of Trigonometry. I should have added a 
chapter upon the subject, had I not already published a 
treatise in the Library of Useful Knowledge, to which I am 
thereby enabled to refer the reader. 

A. DE MORGAN. 

UnivenUif College^ London^ 
March 1, 1837. 



EKRATA IN " ELEMENTS OF TRIGONOMETRY." 



Page 7, Corollaries 1 and ?, for the circles C and C, read the circle C ; 
for P read P'. 

20, line 8, /or - + - read i^ x -. 

20, line 8, /br — + — read ~ x — . 

'•f r —X r —X 

26, line 2, for A!'0 C", read A!"0 C". 

26, line 14, /or C"N, read C"N'. 

31, line 11, for O, read 0. 

42, line 12, strtfce out sines of the. 

g^>v/in" g— ^\/^ 



81, line 6, /or 



read 



2V^T 



81, line 8 from the end, /or g* + g2»»«* V^ read g' X g*** »''v^^ 
122, line 20, for y- read y-". 



ERRATA IN " CONNEXION OF NUMBER AND MAGNITUDE." 

Preface, page iv. line Vt,foT that, read than. 

Page 5, lines 7, 8, and 9 from the end, transpose P and X j and Q and Y. 

9, line 9, /or B, read A. 

10, line 19,/or lY =/M, read IT =/L. 

22, line 4 from the end ^for processes emhling, read process resembling. 

27, line 16, for -, read ^. 

34, line 13, /o»- are, read is. 

35, line 3, for less, read greater. 

46, line 13, /or maj be named, read is named. 

46, last line,/or t;(B + K), read «j(B + K). 

47, Une 1,/or t;(Q + Z), read M)(Q + Z). 

47, line 2, for vQ read u?Q, and Z may be as small as vre please. 

53, last line,/or B + C + F, read B + D + F. 



58,1 
61,1 
66,1 
74,1 
76,1 
78,1 
79,1 
80,1 
80,1 



ne 5 from the end, /or B, read D. 

nes 2, 4, 6, 7, /or mP, read nP. 

ne 14, /or in which, read in which we see. 

ne 10,/or V : L', read V^■. U. 

ne 17, for X„, read X^. 

ne 10,/or for, read from. 

ne 18, /or a*i;*, read o*t;*, 

ne 16, /or 10, read 10V. 

ne 20, /or VfcX, read Yk\ 
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CHAPTER I. 

DEFINITIONS AND FUNDAMENTAL FORMUL-E OF TRIOO- 
NOMETRY IN THE CASE OF ONE ANGLE. 

(1.) Trigonometry originally meant simply the measurement of 
triangles. It now means measurement generally by means of the 
properties of triangles, in all cases in which the connexion between 
sides and angles is concerned, not sides only, nor angles only : 
together with all consequences of such measurements as are useful 
in the higher parts of mathematics. If algebraical symbols and 
operations be adopted, as is now universally the case, it is a branch 
of the application of algebra to geometry. 

(2.) If a line U, taken at pleasure, be called the linear unit, or 
1 of Tength, then 2 U is called 2, ^ U is called iy and so on. And 
any line incommensurable with U is denoted by a general symbol 
such as «r, where, if the line specified were commensurable with U, 
a would be a number or fraction, and aU would represent the line. 
Let aU still represent the line, where, in the theory, a is a symbol 
for the ratio of the line to U ; and, in practice, a line as near as we 

please to the incommensurable line is taken, namely, - U, and - 

n n 

is substituted in results instead of a. I here suppose the student 

to have read the preliminary treatise : if not, he must be content with 

the application of the following proposition. 

Two lines being given, A and B, either two whole numbers m 

in tn 

and 71 can be found, so that B= -A; or so that -A shall be as 

n n 

near to B as we please. 

The same considerations apply to any other magnitudes^; to 
angles for instance. 
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(3.) Before proceeding to ascertain how a line may depend upon 
an angle, or an angle upon a line, it may be useful to shew that we 
are, by means of geometry, able to determine lines from lines, without 
consideration of angles, and angles from angles, without consideration 
of lines. The complete determination of some angles of a figure by 
means of the rest, whenever that is possible, is contained in Prop. 32 
of the first book of Euclid. If flp a, .... On be the n angles of a 
rectilinear figure which has no re-entering angles (pointing inwards), 
and if «* be the angle made by a line and its continuation, or twict a 
right angle, then 

«i + «« + «s + + «n = (w — 2) ^ 

In a triangle 01 + ^2 + ^3= at 

Hence all the angles of a triangle are known when two are known. 

(4.) The determination of lines by means of lines depends 
mostly upon the two following propositions : 

I. 47. If A, B, and C, be the sides of a triangle, and if A and B 
contain a right angle, then the squares on A and B make together an 
area equal to the square on C. 

Let A, B, and C, contain respectively a, 6, and c, of any linear 
unit. Then (Arithmetic, §234.), if a be a whole number or fraction, 
the square on the unit (which call T) is contained aa times in the 
square on A, or the square on A is aaT. Similarly, the square on B 
is 66T, that on C is ccT; whence 

aaT + iiT = ccT 

or T taken aa-\'hh times is T taken cc times. Therefore, 

aa + bb ==i cc 

[When * a, 6, and c, are either of them incommensurable, this 
equation no longer exists arithmetically. We shall give the strict 
developement of this proposition in such a case. Firstly, the ratio 
of the square on A to the square on U (the linear unit) is that com- 
pounded of A : U and A : U. Let A be to U as U to X ; then 
(VI. prop. 16.), the rectangle whose sides are A and X is equal in area 

* The parts in brackets are for the student who has read the 
Introductory Treatise in such a manner as to believe he understands it. 

The references are to the articles of my treatise on Arithmetic, the 
pages of my treatise on AlgebrOf and to the books of Euclid. 
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to the square on U. Therefore, the squares on A and U are two 
rectangles with a common altitude A, and bases A and X; con- 
sequently (VI. 1), 

Square on A : Square on U : : A : X 

But A : X is compounded of A : U and U : X, that is, of A : U and 
A : U. Now, let the ratio of A : U be represented by a : 1, and the 
compound ratio by aa : 1. Then we have, proceeding in a similar 
way with the other sides, 

Sq. on A : sq. on U :: aa : 1 
Sq. on B : sq. on U : : 6 & : 1 

Sq. on A-f-sq. on B : sq. on V i: aa-{-bb : 1 
But, Sq. on C : sq. on U :: cc : 1 

Therefore, Sq. on A + sq. on B :: sq. on C :: aa-^-bb : cc 

But, Sq. on A + sq. on B == sq. on C, therefore, aa-\-bbs=iCC 

or let the ratio of A : U have any symbol a : 1, &c., and let aa : 1 
represent the ratio compounded of a : 1 and a : 1, and let m -ft : 1 
mean the ratio of the sum of two magnitudes to U which are severally 
to U as m : 1 and n : 1, agreeably to the definitions in the preliminary 
Treatise, and we have what should in strictness be written 

aa + bb : 1 :: cc : 1 

When A, B, and C, are commensurable with U, then a, 6, c, 
mean whole numbers or fractions, and the preceding is reduced to 
aa + bb^scc as before. If a, 5, and c, be whole numbers or frac- 
tions, such that aU, 6U, cU, are very near to A, B, C, then we have 
aa-^-bb^sicc very nearly; but if a, b, and c, be really symbols of 
incommensurable ratios, or rather a:l, 6:1, c:l, then the pre- 
ceding proposition can only be interpreted with reference to mag- 
nitude; namely, as aaXJ -{-bbV =:ccU where aaU : U is the ratio 
compounded of aV : U and aU : U, or A : U and A : U.] 

(5.) VI. 4. If A, B, C, and P, Q, R, be the sides of equi- 
angular triangles; namely, the angles opposite to A and P equal, &c. 
then, 

A:B::P:Q, B:C::Q:R, C:A::R:P 

If the ratios of the sides of any triangle be known, the angles are 
geometrically known ; that is, we can construct the angles, but cannot 
yet find their ratios to one another. 
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If the sides of the first triangle be all, MJ, cU, and those of the 
second pV, gV, rV, we have (a, 6, and c, being numbers or 
fractions) 

a : b::p : q aq ^ pb 

b : c\\ q : r br ^ qc 

c I a\\r I p cp = ra 

[If these represent incommensurable ratios, let the student treat 
these equations in the same manner asaa-|-66 = cc preceding]. 

(6.) I now proceed to a case in which lines aie numerically de- 
termined by lines. Let there be a triangle ABC, in which, U being 





an arbitrary linear unit, we have 

AB = cU 1 

TXn TT I ^q*^^^^ ^^> ^® perpendicular on cU; and 

= a U f ^ j^ ^„^ j^n tljg segments * of AB. 



Let AK = xV, 

Then, in the first case, 

second . . 

In both x^-\-p^ = 6* 

First Case. 

c(a; + y) = c^ 

icx = b^+c^--a^ 



KB=yU, KC=;>U 

x + y = c 
a; — y = c 

Second Case. 

c{x + y) = 62_a« 
c{x-^y) = c^ 

2cx = b^^c^'-a^ 



* If K be a point in A B, or A B produced, A K and K B are called 
segments of AB, in all cases. If K lie between A and B, AK + KB = 
A B; if K lie beyond B, A K - K B = A B ; if K lie beyond A, 
BK-KA=AB. 
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First Case. Second Case. 

X = — ■ X = ■ 

2c . 2c 

2cy = d^^a^^h^ <lcy = V^^a^^^ 

^ "^ 2c y ■" 2c 

But both cases might have been contained in one, by adopting the 
conventions of algebra, instead of keeping to arithmetic ; for, if we 
suppose the second case to be made from the first by moving B to 
the left, we see that BK will be measured in a direction contrary to 
that which it had at first. If, then, the formulae of the first case had 
been used to determine B K in the second case, we should have been 
warned to measure B K in a direction contrary to that assumed, by its 
negative sign. For instance, let c=:2, as=3, bj=4; then we have, 
taking the formula of the first case, 

4 + 9_16 3 

y = 4 4 

3 
That is, BR is -U in magnitude, not on the same side of K as in 

the case from whence the formula was arithmetically derived, but on 
the contrary side. {Algebra, chapters I^ and II.) 
To find p, we observe that 

4a»c»— (c« + rt«— 6«)« 
f^a^-y^^ ^j^^5 L 

_ {2ac — (c»-f-a'— ^} {2ac + c» + a2— 6»} 
\(? 4c* 

Let a4.ft + c = 25 \ {(^p^=i4s{S'~a){S''b){s^c) 



c+a— i = 2(5— i) 
a + 6 — c = 2(5— c). 



c^ = 2n/s(5— a)(5«— i)(s— c) 



As this result will appear in the sequel, we have chosen it as our 
instance ; and by proceeding with the two propositions in question, 
it is thus possible to determine lines in terms of lines, without the 

b2 
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necessity of employing angles as means of expression. I now pass 
on to the consideration of an angle connected with a line. 

(7.) From the Sixth Book of Euclid it appears, that though 
given lines will determine angles (as, for instance, the three sides of a 
triangle being given, the angles can be constructed, both internal 
and external), yet that it is not necessary to give the lengths; for 
any other lengths which have the same relative magnitudes will 
give the same angles. Indeed, the Sixth Book of Euclid is, in great 
part, an inductive proof of the following proposition. If the absolute 
lengths of all the lines in a figure be altered in the same ratio, the 
angles of the figure are not altered : hence, angles depend upon the 
ratios of lines. Tlie line with which an angle is most connected is 
the arc of a circle, and it will be necessary to know something more 
of liiis figure than can be directly found from the elements. We 
shall indicate the principal steps necessary, which may be readily 
filled up by a student who understands the Sixth Book. 

(8.) Definition. A bounded figure is called convex, when 
no straight line whatsoever can meet its boundary in more than two 
points, unless it be itself part of the boundary. 

(9.) Theorem. If one convex rectilinear figure be entirely con- 
tained within another, the boundary of the contained figure must be 
less than that of the containing. 




Let ABCDEF and GHIKL be the containing and contained 
figures, then, 1. MN is less than MABN, or MNCDEFM is 
less than ABCDEF A. 2. Similarly, LODCNL is less than 
MNCDEFM; 3. KPCNLK is less than LODCNL; 
4. KIQLK is less than KPCNLK; 5. KIHGLK is less than 
KIQLK. "Whence the proposition. 

(10.) Postulate. Let it be granted that this theorem is also 
true of convex curvilinear or mixtilinear figures. 
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(11.) Theorsm. If the homologous sides of two similar recti- 
linear figures may be made as nearly equal as we please, the figures 
themselves may be made as nearly equal as we please, both in length 
of boundary and area. We leave the demonstration to the student, as 
it is a very simple consequence from the Sixth Book. 

(12.) Theorem. For every rectilinear figure which can be de- 
scribed tn any one circle, a similar figure can be described ahotU any 
other circle. We shall merely indicate the construction, and leave 
the student to finish the demonstration. Let C be a circle, and P 
any inscribed polygon ; let C be another circle ; in it inscribe P 
similar to P. Bisect every side of P', and draw radii through the 
points of bisection. From the extremity of each such radius draw a 
tangent ; then will the polygon P'^, formed by all the tangents, be 
similar to P' and to P. 

Corollary \, The circles C and C are contained, both as to length 
of boundary and area, between P and P" 

Corollary 2. By making the radii suflSciently near to equality, P 
and P'' may be made (11. )» ^^^ ^^ boundary length, and area, as near 
as we please to each other : and if we are at liberty to give P as 
many sides as we please, and as small (10), the same follows of the 
circles C and C themselves. 

Corollary 3. And all these results are equally true of sectors of 
circles which contain the same angle. 

(13.) Theorem. If in a circle a polygon be described, of which 
no one side exceeds Z in length ; then, if Z may be made as small as 
we please, the polygon and circle may be made as nearly equal as we 
please, both in boundary length, and area. 

For, under these circumstances, as may be easily shewn, the in- 
scribed and similarly superscribed polygons may be made as nearly 
equal as we please in both respects; and (10.) the circle lies between 
them in both. 

Corollary. The same is true of any sector of a circle. 

(14 ) Theorem. The circumferences of circles (or of similar 
sectors) are as their radii, and their areas as the squares on the radii. 

Let the radii be R and R', and describe in the circles two similar 
polygons, having all their sides severally less than Z. Let P and P' 
be the whole boundary lengths of the polygons, and let C and C be 
the circumferences of the circles. But the boundary lengths are pro- 
portional to the lengths of two homologous sides,' which are to each 



8 DEFINITIONS AND 

other as the radiiy and (12.) by making Z sufficiently small, these 
same lengths may be C— K and C— K', where K and K' are as 
small as we please. Thence, we have (however small K and R' 
may be), 

C^K : C'-K'::R : R' 

If possible, let C be to C not as R to R', but, firstly, in a greater 
ratio. Then 

C is to C more than C — K is to C — K' ; 
or ffiC exceeds nC where mC — mK does not exceed nC— nK'. 

Let i»C=nC'-f-V; then nC'+ V—mK does not exceed nC'—nK', 

and, still more, does not exceed n C 

Consequently, mK is at least equal to V ; but V is determined with- 
out reference to K from C and C, and K may be as small as we 
please. Therefore, it may be so takeu that mK shall be less tlian V. 
But if the supposition under trial be true, mK must at least be equal 
to V ; therefore, that supposition is not true, or C is not to C more 
than R to R'. If possible, let it be less ; then we have, by similar 
reasoning, 

mC is less than nC where mC — mK is not less than nC— 7lK^ 

Let mC=nC'— V; then nC— V— mK is not less than nC— wK, 
still more then nC — V is not less than nC— wK'; 

or, nK' is at least equal to V. This, as before, shews that the sup- 
position cannot be true. Whence the first part of the theorem 
follows ; and the same may be similarly proved of the sectors. 

Let A and A' be the areas of the circles, and Q and Q' the squares 
on the radii ; whence it follows, that A — L and A'— U being the 
areas of the similar polygons, (12.) L and 1/ may be made as small 
as we please. But (VI. prop. 19.) we must have, 

A-L : A'-L' :: Q : Q' 

and, precisely as in the former case, we find that A is to A' neither 
more nor less than Q is to Q'. Hence, A is to A' as Q to Q'. 

Now, let the student shew, that the area of a regular circumscribed 
polygon of n sides is ^nrsT (see next article), $U being one side: 
and thence, that cU and a1 being the circumference and area, we 
must have ass ^ en 
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(15.) Algebraically, let rU and r'U be the two radii, cV and 
c'U the circumferences ; then we have. 



c :: r 



r r' 



If T be the square on U, the areas aT and afV are as rrT and 
rVT, or, . 

a : a :: rr : r r t = 31 

C fl 

(16.) The ratios represented by - and -^ are incommensurable ; 
but we have very nearly 



^ — 9 355 
r "^ ^^ 113 



a 
7* 



355 
113 



Let the ratio, which is incommensurable, but very near that of 
355 : 113, be represented by <r ; 1 ; or, in the more common way of 

speaking, which uses incommensurables as commensurables, let ~, 
which is the same for all circles, be called 2 «*. Then we have 

c = 2crr 



a = crr^ 



355 



^ = nearly tt^ = nearly 3* 14169 

To prove the preceding, we have not yet the means. Let us agree, 

/J 
however, to denote -, whatever it may be, by 2 «*. 

[But for those students who dislike to leave any thing behind 
which is afterwards to be proved, we shall establish the following 
proposition, which assigns the approximate value of ir. 





s 


I 


\^^ 


^ 


.^ 


V 


K 


o<r 








\ 


M 




A. 




( 


^^ 





Let BC, DE, be the sides of regular polygons of n sides, in- 
scribed and circumscribed about the circle where radius is O A. 
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Draw a tangent at B, and complete the figure as shewn. Then will 
BA, AC, be sides of the polygon of 2n sides inscribed, and BK, 
KA, are halves of sides of the circumscribed polygon of 2n sides. 
Let Ip and £p mean the areas of the interior and exterior polygons 
ofp sides. Thence, we have, 



L : I 



8fi 



I.»: E, 



triangle 


OBC : 


2 


X triangle OB A 




OBM : 




DBA 


OM 






OA 


triangle 


DBA ; 




triangle ODA 


OB 






CD 


OM 






OA 



Therefore, 



'■n • ^2» • • *9n • -^ 



If, then, T be the square on the linear unit U, and if In = in T, 
&c. we have 



Hn — '^ hi^ 



Again (VI. 3.), 
AK : KD 
AK : AD 



And E^n : En 



whence 

which formulae, namely, 

»2n = ^in^n 



: AO : OD: : MO : OB 
: MO : MO+OB 
:M0 : MO + OA 
: I„ : In + hn 

: 2 X triangle AOK : triangle AOD 

:2AK : AD 

^inen 



^2n == 



in -f »«. 



2 la, 



**" ~ in + i. 



enable us to pass in numbers approximately from the areas of any 
inscribed or circumscribed polygon, to those of double the number of 
sides. 

Let the linear unit be the radius itself, and T, therefore, the square 
on the radius. We have, then, on inspection (or IV. 6, 7.) 



I4 = 2T 



E4 = 4T 
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i* = 2 

i, = VS = 2 >/2 



= 4 



16 



'8 



'1« 



--=8(>/2-l) 



2 + >/8 

32(2^ >/2) 



&c. 



2>/2-f-4V2— \^2 

These expressions shew no very easy law ; but if we begin with 
approximate values of the second pair, namely, 

H = 2 ie = 2-8284271 



64 = 4 



e, = 3-3137085 



'8 



and proceed with these approximations, it will be found, by a calcu- 
lation which may appear laborious (but, as we have said, this digres- 
sion is for students whose industry exceeds their disposition to believe 
without proof), that we have 

Approximate fraction 



Number of sides 
in the polygon. 

4 


of T contained in 
the area of the in- 
scribed polygon. 

• . . . 2*0000000 


Ditto, Ditto, of the 
circumscribed polygon. 

4*0000000 


8 


.... 2-8284271 


3*3137085 


16 


3-0614674 


, 3*1825979 


32 


.... 3-1214451 


, 3*1517249 


64 


.... 3-1365485 


3*1441184 


128 


.... 31403311 


31422236 


256 


.... 3-1412772 


3*1417504 


512 


.... 3*1415138 


3*1416321 


1024 


.... 3*1415729 


3*1416025 


2048 


.... 3*1415877 


3*1415951 


4096 


.... 3-1415914 


, 3*1415933 


8192 


.... 3*1415923 


, 31415928 


16384 


.... 3*1415925 


3*1415927 


32768 


.... 3*1415926 


3*1415926 



Now, the area of the circle tself Iways lies between those of the 
inscnbed and circumscribed polygon ; and the polygons of 32768 
sides, inscribed and circumscribed, do not differ, (slight errors of 
approximation excepted, which may affect the last place), by the ten* 
millionth part of a square unit. We may say, then, that the area of 
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355 

the circle is approximately 3*14159 T, or -— T very nearly; that is, 

115 

«• =s 314159 very nearly.] 

(17.) Lemma, If the same magnitude be m units of one kind, 
and m' units of another kind, or if mU =s»i'U', then m : wi' :: U': U, 
and if U' = fcU, then m=zm'k. 

(18.) Let there be two different angles, BOA, B'OA', and 
describe different circles AB, A'B'. Let the given quantities be 




the radius OA, and the arc AB; the radius OA' and the arc A'B'. 
Required the ratio of the angles. 

(VL 33.) Angle BOA : Angle BOA' : : B A : VA 
(14.) OA : OA' :: VA : B'A 

Therefore, BA : B'A', the ratio of the arcs, is that compounded of 
the ratios of the angles and the radii. Let U be the linear unit, 
e the angular unit ; and let 

BA = 5U, B'A' = 5'U, OA = rU, OA'=/U, 

Angle BOA = d 0, Angle BOA' = d'0 
Then r&:r'i:\s:s' 

or — = — • — 

6 1^ % 

(19.) We have already seen that there has happened a case 
(Aigebra, p. 226.) in which one system of suppositions is most con- 
venient in analysis, while another is so in practice ; namely, in the 

choice of a base for logarithms, where 2-7182818 is the base 

of analysis, and 10 that used in applying logarithms to computations. 
Just so, in the present instance, there is an angular unit which it is 
convenient to adopt in investigations, while another unit is universally 
supposed in practical applications. And the neglect of distinction 
between these two units is the stumbling-block of the beginner, 
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though the necessity for the distinction is too great to allow ns for a 
moment to think of abandoning one or the other unit. 

(20.) 1. The analytical or theoretical unit (there is no distinct 
term for it in general use) is the angle which has an arc equal to the 
rMus. If, in a solid circular plate, we stretch a thread equal to the 
radius from point to point of the edge, the thread is then the side of 
a regular hexagon (IV. 15.) and subtends two-thirds of a right angle. 
If, then, we bend the thread over the edge, it will (no stretching 
being supposed) subtend at the centre somewhat less than two-thirds 
of a right angle^ which is the Brst rough notion of the analytical unit. 

(21.) In the process of (18.), let « = r, and let be the ana- 
lytical unit; then 6 is also the same, or = 1, and we have 

or to determine the number of analytical units in any angle, divide 
tlie number of linear units in the arc by that in the radius. 

Hence we can easily ascertain how many analytical units there 
are in one, two, &c. right angles. The radius being rU, the whole 
circumference is 2*r[J, and its fourth (or the arc of a right angle) 

is -rU, the number of units in which is -r. This divided by the 
2 ' 2 "^ 

number of units in the radius, or r, gives -. 

The right angle in analytical units is -, approximately, 1*5707963 

Two right angles are ^ 3-1415926 

3 
Three right angles -«r 

Four right angles 2 -r 

(22.) 2. The practical method of measuring an angle is well 
known to be as follows. Let the 90th part of a right angle be called 
a degree ; the sixtieth part of a degree, a minute ; the sixtieth pa^rt of 
a minute, a second. Let these be denoted by 1°, 1', 1", which are 
not symbols of number, but of magnitude. They are angles. We 
shall always denote the theoretical unit by 6. 

P = 60.1' = 3600.1" 
right angle = 90.1°= 5400.1' = 324000.1" x= 1-6707963 nearly. 
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Hence P = -01746329 nearly = 206264'8 .1" nearly 

r =-000290888 .... =3437-747.1' .... 
r' = -0000048481 . . . • = 67-29578 .1° . . . . 

(23.) It is usual to divide the circumference of a circle into 
360 equal parts, and to call each part a degree ; the sixtieth part of 
a degree a minute, &c. To avoid confusion, I shall call these linear 
degrees, minutes, &c. Thus, every circle has its own linear degree; 
and the greater the circle, the greater the linear degree. On a circle 
of the earth, the linear degree is 69 miles and a half (a little less) 
in length. The student will remember that a linear degree and a 
degree are two things as different as a line and an angle. 

(24.) Tt is very common among writers on this subject to con- 
found «• and 180° or 180.1°, | and 90° or 90.1°. Thus we see 
sometimes such equations as 



<r 



-r = ISO" = = 90° 

which are equations of as little title to existence as 

1760 = 1 or 20 =4 

instead of 1760 yards ss 1 mile, or 20 shillings = 4 crowns. 

The angle, which in theoretical units is ir, in degrees is 180. But 
it does not, therefore, follow that ir = 180, any more than that 
12=4, because that length which in feet is 12, in yards is 4. 

(25.) We now proceed to a more general use of the word 
measure, which frequently occurs in practice. One quantity is said 
to measure another, even when the two are of different kinds, if any 
change whatever made in the one is accompanied by a proportional 
change in the other, so that if A of the one give B of the second, 
mA of the one always gives mB of the second, whether m be 
whole or fractional, or the representative of an incommensurable 
numerical symbol. 

Thus, angles are measured by arcs of given circles ; for on the 
same circle any alteration of eitlier arc or subtended angle produces 
a proportionate alteration in the other. Between given parallels, 
the areas of rectangles are measured by their bases. But a square 
is not measured by its side ; for if the side be doubled, for instance, 
the square is not doubled, but quadrupled. 
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(26.) One magnitude or ratio is determined by another, when, 
the first behog given, the second is given ; or at least when, the first 
being given, the second cannot be any thing we please, but must have 
one or other of a certain finite number of values. Thus, one angle of 
a triangle being given (VI. 6.), the ratio of the .containing sides de- 
termines the other two angles, or rather, determines one of them ; for, 
one angle being given, the sum of the other two is given : the ratio 
of the containing sides, with the relation just mentioned, determines 
both the remaining angles. 

(27.) If one angle be given (VI. 7.), the ratio of two sides, 
which do not contain that angle, absolutely determines the other 
angles, if the given angle be a right angle or more ; but if the given 
angle be less than a right angle, the ratio of the two sides (which do 
not contain it) determines only two values of each angle, one of which 
it must be. We shall afterwards have to return to this point. 

(28.) An angle, in Euclid, is only one of the angles or openings 
made by two straight lines, namely, that opening which is less than 
the opening made by a line and its continuation, or less than two 
right angles. But any two lines which terminate in their point of 
meeting, make two angles, one less and one gieater than two right 
angles, the sum of both being four right angles. 




(29.) The foundations of trigonometrical notation are as follows: 
Let a straight line OB, setting out from the position OA, revolve 
round the point O. Let A A" and A' A'" be at right angles, and let 
lines measured from O towards A, or from O towards A', be positive, 
while lines measured from O towards A", or from O towards A'", are 
negative. Let positive angles be described when the revolution makes 
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OB proceed from OA to OA', and let negative angles be described 
when the revolution makes OB proceed from OA to OA'". And let 
ratios be positive when both their terms have ths same sign, and ne- 
gative when both their terms have different signs. 

Let the Euclidean angle AOB be Be, where is the analytical 
unit, so that is the algebraical symbol for the angle expressed in 
analytical units ; then the whole revolution, or 4 right angles, being 
2«r0, the angle of two revolutions, or eight right angles, being 4«rO, 
and so on, the line OB is said to make, with OA, an angle 

^0, or (2^-\-6)e, or (4^ + 0©, 8tc. 

according as we consider OB to be in its fii-st, second, third, &c. 
revolution. Or the method by which we take into account the ne- 
cessity of considering the following proposition, '* If a straight line 
revolve round a point continually, it will, in every succeeding revo- 
lution, pass again through all the positions which it had in the first,'' 
is by making the following assertion : The angles 0, 27r-f 0, 4x-f d, 
&c., and, generally, 2n7r-f 0, n being a whole number, are the angles 
made by O B and O A in the first, second, third, &c., and, generally, 
in the (n-f l)th revolution. The angles which it will be necessary to 
consider as denoting distinct positions, are those which are less than 
four right angles or 27r9, if we only consider positive angles; or 
those which are less than two right angles in magnitude, if we con. 
sider positive and negative angles; that is, which lie between -j-ttO 
and — ttG. We shall, for the present, confine ourselves to these 
angles. 

(30.) We now proceed to define what we shall call the primary 
trigonometrical Junctions of an angle, the names of which are the 
sine, cosine, tangent, cotangent, secant, cosecant, versed sine, and co- 
versed sine of the angle. And, firstly, whereas in old books on trigo- 
nometry these functions are lines, in every modern system they are, 
or should be, defined to be numbers, or, in the widest sense, 
ratios. Secondly, the term sine is probably from an Arabic word, 
but the meaning is not well known; tangent and secant ^re of obvious 
Latin derivation ; but the definition we shall give has nothing to do 
with their etymology. 

Consider cosine as the abbreviation of '' sine of the complement.'' 

cotangent *^ tangent of the complement." 

cosecant '^ secant of the complement." 
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where by the Gomplement of an angle is meant the algebraical excess 
of a right angle over the angle in question. Thus, being an angle 

V /^ \ It 

-e — ©e or (- — 0i e is the complement, and ~ — its algebraical 

representation. If the angle be greater than a right angle, the com- 
plement is negative. Similarly, if Al° be the angle, A being a 
number or fraction^ (90 — A) 1^ is the complement. 




First, consider an angle AOB less than a right angle. From any^ 
point B draw a perpendicular BM ; then the ratio of BM to BO is 

the sine of the angle AOB, which we may denote by ^r-rr, meaning 

that if BM and BO be expressed in linear units, then the number 
of units in BM, divided by that in BO, gives the number which is 
called the sine of A O B. 

The cosine, pr sine of the complement, is thus deduced : Let the 
triangles OLK and 0MB be equal in all respects, namely, KL to 
OM, &c.; then AOB and AOK make up a right angle, or AOK is 

KL OM 
the complement of AOB. Its sine is, therefore, ^jr, or jyoy which 

is the cosine of AO B. 

By the tangent of AO B is meant -. ^ 

«^ r Ar^^ . ^ r KL MO 

Thecotangent of AOB is, therefore, -t-q-j or -|^=--r 



By the secant of AOB is meant j^ 



B£ 

M 



KO 



BO 



The cosecant of AOB is, therefore, ttj-> or -^-rv 
By the versed sine of AOB is meant — ^^ , or 1— cosine of AO B 

The coversed sine of AOB iS| then, — g-^ — , or 1 —sine of A B 

c2 
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(31.) When the angle is between one and two right angles, a» 
AOD', then let the same definitions be adopted, as follows (p. 15.): 

sine. cosine. tangent, cotangent.^ secant, cosecant. 

ITRr OW KM' OM^ B;0 £0 

BO 0& OM' B'M' OM' B'M 

which is pos. neg. neg. neg. neg. pos. 

Remember that OB and OB', &c. have no sign. Lines only are 
considered as having signs -f &Q<i — » which must be in one of two 
opposite directions. 

When the angle is between two and three right angles, as A OB" 
(positively measured), then we have for the 

sine. cosine. tangent, cotangent, secant. cosecant. 
B"M" OiVr B'M" OM" B"0 B"0 



/// 



B'O Ob' OM" B"M" OM" B"M 

neg. neg. pos. pos. neg. neg. 

When the angle is between three and four right angles, as AOB 
(positively measured), then we have for the 

sine. cosine. tangent, cotangent, secant, cosecant. 

B'" M'" O M^'^ B'" M"' OM" B^^^O K"0 

B'"0 Ol?" OM"' B"'M"' OM'" B'"M 

neg. pos. neg. neg. pos. neg. 

The student should verify each of these assertions, which we shall 
proceed to systematise. 

(32.) When an angle is less than a right angle, say it is in the 
first right angle ; when between one and two right angles, say it is 
in the second right angle, &c. Now, remember the following table : 

sine and cosecant + + — — 
cosine and secant + — ^ -f- 

tangent and cotangent + — + — 

which will be found, on examination, to contain the results of the 
preceding articles thus. I wi^h to know whether the sine, in the 
third right angle, be positive or negative ; repeat 

sine and cosecant, plus, plus, minuSy minus, 

the third of which is negative, tlie answer required. Examine the 
preceding results, and see that this table contains them all. 

(33.) Now, from the definitions, make it appear that the second 
column of assertions below is a translation of the first. 
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The side of a right angled 
triangle cannot exceed the hy- 
pothenuse. 

The hypothenuse'of a right 
angled triangle cannot be less 
than a side. 

Two lines^ of ady ratio what- 
soever, may be the sides of a 
right angled triangle. 

All this is relative to. numerical magnitudes, independently of 
sign. 

Corollary, Versed sines and coversed sines are always positive, 
and never exceed 2. 

(34.) Now make the following abbreviations. 

Let 9Q or A . 1° be the angle. 



No sine or cosine can exceed 
unity. 

No secant or cosecant can 
be less than unity. 

A tangent or cotangent may 
have any value whatsoever. 



Let 



sine of 9 be written 
cosine 



sin and read 
cos 



tangent 



tand 
cote 
sec 9 



cotangent 

secant 

cosecant cosec 9 

versed sine vers 9 

coversed sine covers 9 

Similarly, let sine ofA.l° be written sinA, &c. 
if 08 and A.l° be the same angle, expressed in the two different 
units, then sin e=: sin A, cos 0= cos A, &c. ; for it is obvious, that 
the angle itself has the same sine, &c. in whatever units it may be 
expressed. 

(35.) Fundamental properties implied in the definitions. 



sine 9 

cosine 9 

tangent 9 

cotangent 9 

secant 9 

cosecant 9 

versed sine 9 

coversed sine 9 

Observe, that 



y 


^vj;- 


A'Mf 


-X . 


:7 


y"^ 
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Let U be the linear unit, and let OM and OM' contain x linear 
units, the latter being marked — x, on account of the contrary direc- 
tion of OM'. And, first, let AOB (in first right angle) = ee; 

Then sin 4 X cosec tf ss ^ X - =s 1 

*- y 

costfx sectfa=-X-«l 

r jp 

tantfX cot^s-J^X-sel 

' y 

Let AOfi' (in second right angle) ^#e; then, in the same way^ 

sin 6 X cosec 4 ^ ^ -{ — = 1 costfxsectfsc -HI- 4- — £— = ] 8a 

r y r ' — x 

so that these formulas are universal, and we have the following con- 
sequences of definition. 

The sine and cosecant are reciprocals. 
The cosine and secant are reciprocals. 
The tangent and cotangent are reciprocals. 

We have also 

* A y y-r-r sin 
tan^ =s ^ =s .sL-: — s: 

X jr-7-r COS0 

^, X jr-f-r cosO 
cottf = - = — : — s -r— - 

y y-T-r sme 

(36.) Comequences of Euclid i. 47. We have the equations (4.) 

;i;«+y«=r«, a:e+(«y)«=r«, (-.a:)«+y«=r«, (-ar)«+(-y)*= 

The first of which (and the rest may be treated in the same way) 
may be written in three different forms, namely, 

1 + (I) = (^)* or 1 4- Un « d 5= sec«^ 
1 + \pj = [^\ or 1 + cot « tf = cosec* tf 

XI ' fiA y^ {y-r-xf tan«^ 

Hence sm'd =: f, ^ =s , r^ — ^ = :r 

^+y 1 + (y-f-*)* 1 + tan 2© 

COS*^ ^ « . , ^ -r-r-i ■ — rj ^ 



*'-f-y t + (5^-rJ^) "* 1 +tan*e 
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or 



sin 6 ^ 



tan^ 



V^l +tan2^ 



Deduce also sin^ = 



cos^ = 



cos^ = 



v^r+cot^i' 



's/l+col*^ 

To these we may add the equations of definition 

vers d = 1 — cos tf, covers tf = I •— sin ^, 

(37.) The student should now^ as an exercise, express each of 
the primary functions in terms of every other, as in the following 
table, where the meaning of t in each column stands at the head, 
and the value of the expressions in each horizontal line at the 
beginning. 



sine=r 



sin^ 
t 



cos^ 



cos =^ . is/ 1 ^ ^« 



tand = 

COtOss 

secO =? 



:oseccf= 






t 

t 
t 



tan^ 
t 

1 



cot^ 

1 



t 
1 



1 
1 



1 
1 



_^ f 

1 
^ 7 

t 



sec' 

t 
1 

7 



1 
7 






1 

t 

t 



^'+'* v^ 



cosec i 

t 
1 



Thus, if we would know from Uie preceding the value of the cosecant 
in terms of the secant only, we find 

seed 



cosec ^ ^ 



>/sec»0— 1 



(38.) The next question is to determine what we may call the 
transition values of the primary functions, namely, those which they 
should have when the angle is nothings or one, two, or three right 
angles exactly. For, in these cases, a look at the figure of (28.) 
will shew that the right angled triangle, which is the basis of the 
definitions, disappears altogether, so that, by any definition yet 
existing, there are no sines, cpsiues, &c. But, a^rees^bly to thg 
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conventions of algebra, we shall use the following extensions as 
abbreviations {AlgebrOf p. 156.) 

If, when X approaches without limit to a, X diminish without 
limit, let it be said that when xssia, XssO: if, in such case, X 
approach without limit to A, let it be said that when xr=a, X=A: 
and if X increase without limit, let it be said that when xsa 
X ss QC, or is infinite. 

(39.) According to these definitions, and observing what species 
of variation of magnitude each of the functions undergoes, we have 
the following table : 



L 



r 



1 right angle, 2 right angles, 3 right angles, 

or ^e or 90.1*» or xG or 180.1° or-^G or270.1° 
2 2 



sine 





1 





— 1 


cosine 


1 





—1 





tangent 





oc 





a 


cotangent 


QC 





oc 





secant 


1 


QC 


—1 


a 


cosecant 


QC 


1 


oc 


— 1 


versed sine 





1 


2 


i 


coversed sine 


1 





1 


2 



The first three lines are the most important. The student may 
shew that as the angle approaches either of the four intermediate 
values, its sine, &c. approach the value in the table. 

(40.) But the following method will be more clear. We shall 
determine linear meamret of the sine, cosine, &c. in the same manner 
as the arc of a circle is the measure of an angle. Let there be any 
linear unit U, and with centre O, and radius OA^U describe a 
circle, and let the angle OAB, or OG, be that in question. The rest 

BM 

of the figure will need no description. Now, because sin 9 =s ^j^ 

when BM and BO are expressed in units (let them be jrU and U) 
we have sin 9 ^ x, or sinO.U a= BM. Consequently, BM and the 
sine of change in the same proportions; and BM may stand for 
the sine of (as it might represent a sum of money, an area, or any 
other magnitude) being a linear measure of it, at the rate, to use a 
common phrase, of AG to a unit. Or let O A be one measure, then 
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the fraction of a measure in BM is the sine of the angle AOB, and 
the fraction of a measure contained in the arc A B, is the fraction of 
an analytical unit contained in the angle A OB. In precisely a 
similar manner, OM is a linear measure of the cosine. But when 
we come to consider the tangent, we see that B M is not a measure 
of it : for, if the angle increase, the change of the tangent is the 




combined effect upon the ratio of a simultaneous increase of BM, 
and decrease of MO. But both are represented in the increase of 
the line AT; for, by similar triangles, BM : MO : : AT : AO, of 
which AO remains the same, and AT changes in the same ratio as 
the tangent. Hence, AT is a linear measure of the tangent of AO B. 
Similarly, since O M : MB :: A'V : A'O, or AO,A'Vis a linear 
measure of the cotangent; and, since BO : OM :: TO : OA, 
then TO is a linear measure of the secant Similarly, O B : BM : : 
VO : O A', or VO is a linear measure of the cosecant. Again AM, 
the linear measure of 1 — cos and AX, that of 1 — sin 9, are those 
of vers 9 and covers 9. Consequently, understanding by the linear 
unit U the radius OA, and also that the question '< How many 
times ?" also implies " What fraction of a time ?" and " What times 
and fraction of a time ? '* we have the following list of synonymous 
questions, in which the blanks may be filled up out of the same 
horizontal line. 

What is the ( ) of How many linear units 

the angle AOB ? are contained in ( ) ? 

sine BM 

cosine O M 

tangent AT 
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What is the ( ) of How many linear units 

the angle AO B ? are contained in ( ) ! 

cotangent A' V 

secant OT 

cosecant OV 

versed sine AM 

coveised sine A' L 

number of analytical units the arc AB. 

The student may now readily construct the table in (39.) by 
observing the final states of the linear measures. Tlius, as the angle 
diminishes without limit, the line A'V increases without limit, or 
(38.) the cotangent of is infinite ; and so on. 

(41.) (Now, according to the old system of trigonometry, not 
yet exploded for the beginner, though every person must practically 
get rid of it before he can advance far in analysis, the line BM is the 
sine, and not of the angle, but of the arc AB. In this system, there 
is an infinite number of sines to the same angle, corresponding to 
all the arcs which that angle can subtend ; and, consequently, it is 
always with reference to the radius supposed that all formula must 
be constructed. For example, it is not true that 

sin^^ + cos^^^ 1 unless when the radius is 1 

but sin'O + cos^Ossf* where r is the number of linear units in the 
radius. This embarrassing consideration is always avoided in practice 
by making the radius the linear unit, and then substituting for the 
lines called sines, &c. their numerical proportions to the radius: 
which amounts in fact to the more modem method). 

(42.) We are now to consider, in connection with 9, the angles 
which exceed or fell short of any whole number of right angles by 0, 
or which are contained in the following series. 

all contained in the form d: w» - ± ^, where wi is a whole number. 

But, in the first place, we must observe that any addition or 
subtraction of four right angles, or multiples of four right angles, 
produces no change in the position of O B (29.) being, in fact, 
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equintlent to lupposiiig cotnpleie rerolutiooi, one at muK, to bave 
taken place, leaving OB the tame in position ax before. The tinet, 
cosioe*, ttc. depending entirely apoa the position of OB, «nd in no 
ynj upon the number of revolntioas supposed in aUaining that posi- 
t>on,ne musthave (2* being the numericalsymboloffbur right angles) 

sin » = sin(2T + i) = sin (4t + i) = sin (jGf + i) fcc. 
= s]n(S — 2*) =sin(S — 4<r) 5=sin(S-6^) 8m;. 
and generally, F representing the opeiation by which we pass from 
an angle to any primary function {Algebra, p. 303.) we must have 

F(i) = F{il + 2m-r) 
where n is any whole number, positive or negative. 

Hence, we may reduce the list in the last page: for, we Gnd 
that f(«— ■» the MraeasF(2«+fl-j) "'^(y+s). 

We shall limit ourselves first, to the coos)derati<ai of the following, 

e ^±e -r+i ^±i 2'x—t 

omitting 2r + l, beeaute its primary functions are those of/. And, 
first, let * be less than a right angle, so that m~+* must fall in the 
(»i4-l)th right angle, and ni- — t in the mlh. We have called 
-•-/the complement oft; it is also usual to call <r — t the sup- 
plement of 4; being, when 'is less than two right angles, the adjacent 
angle of Euclid. Now, draw the followiag figure, making 'a a small 
angle lor convenience. 
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O is at the centre (not narked), let die angics AOB, AOC% 
A'OB', A'OC, A"OB", A'OC, A'"OB'", A"OC" be alleqailti 
each other, and to #e. Let the triangles MOB, MOC, NOC, 
NOB", N'OB', N'OC", M'OC, M'OB" be all made equal to 
each other in every respect; namely, ON to MB, OM to NC> 
&c. ice. Then we have (all angles being measured positively) 

Z.AOB « ^e Z.AOF = (i+^)® 

ZLAOC = (f-^)^ Z.AOC = (^-O© 
/lAOC =r (32-0^ Z-AOC" = (2flr-0e 

From hence we can immediately find any primary fiinction in termt 
of a primary function of 9e, as follows. Suppose it required to find 

coif 3- — ^ j : we have immediately 

t \ C^O"\ — ^^^ BM(with contrary sign) , BM 

cot^AUl^ ) — iTFTjj — o M (with contrary sign) "" "*" OM 

or cot f 3 - — 6j = tan d 

(43.) Now, in this investigation, there are 42 cases, but they ail 
fall under the following rules for expressing a function of m--±.i 

by means of a function of ^. Let F f m - -f ^] be required. 

1. J/*m he oddy change F into its co-function; namely, sine into 
cosine, cosine into sine ;* tangent into cotangent, cotangent into 
tangent, &c. : t/*m ht even, let F remain. 

2. Look at the scale of signs (32.) of F, namely, 

for sine and cosecant -f -f — — 

cosine and secant •] 1- 

tangent and cotangent -f — -f — 

and, observing in which right angle wi - ± ^ fells, prefix the 

* According to our definitions (30.) the co-cosine means the cosine 
of the complement, or the sine. 
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sign which answers to the nuHiber of that r^ht angle in the 
Male. 

For instance, for cot [ 3 a "* ^ ) > ^^ number of right angles is 
oddy or we write tarn for cot : and 3^ — » ^ is in ttie third right angle ; 
f co^ J the proper sign is + 

cot(3| — ^) = tan^ 

Let the student go through the cases .^m the Jtgure^ and satisfy 
himself that they agree with this rule. 

(44.) The following are some results. The first set is in the 
definitions. 



1 — tf J = cos ^ 
- — 6J = sin tf 

2 — tf) = cot ^ 

^ -f ^) =: — sin d 
^ + ^) := — cos ^ 
AT + ^) =s tan d 



sinf^ + d J = costf 
cosf- +6j « — sin^ 
tan(' 4-^j ss— cottf 

sinr-—— tfj as — cosj^ 



sin (^ — ^) ^ sin ^ 
cos(flr— tf)ss — costf 

tan(^ — tf) = — tan ^ 



cos 



tan 



sinf — -f d J = — cosd 
cosf-^ + ^J = sin^ 
(^— d) = cotd I tan(^ + ^) = - cot d 



(I- ')=-■' 



2 



sin (— 6) ^ — sind 
cos(— ^) = cosd 
tan( — ^) :3 -» tan^ 



sin (2*^ — ^) ^ — sin tf 

cos (2 -jr — 6) = cos tf 

tan(2'jr — d) := — tantf 

The last set is deduced from that immediately preceding, by sub- 
tracting four right angles (42.). They may be deduced immediately, 
by observing that MOC" = — ^e (29.). 

To obtain versed and coversed sines, remember that 

vers^ =s 1 — cosd, covers^ «= 1 •p- sintf 

Thus, covers f 3- — ^J =1 — ^^"("^ ""0 ^^ 1 + cos^ 

(45.) When #& is greater than a right angle, the results are the 



"28 DEFINITIONS AND 

same as if it were less than a right angle. An easier demonstration 
will aAerwards apply ; in the meantime, suppose ^ ^ «* + ^'^ and we 

want, for instance, cot f 3 - — ^ J . We have then, 

^i"^ = i"^' cot(^-tf) = cotg-tf') = land' 
But Un^ = tan(flr + ^') = tand; 

therefore, ^otf 3^ — tf J s= tan ^ 

the same as before. Let the student work a number of instances 
of this kind. 

By means of the last set of the preceding formulae, we can easily 

ascertain Tli — ^oJ' ^"PP^se tan (/—«•) is required; then we 

have 

Un(^ — at) = — tan(flr— ^) = — ( — tan^) = tan^ 

(46.) We shall now proceed to some theorems connected with 
the limits of the ratios of trigonometrical functions, {Alg, p. 162.). 

B 




Tlie ratio of an angle (in analytical units) to its sine, approximates 
without limit to unity, when the angle is diminished without limit. 
Let A OB, AOD, be equal angles; then BMsMD, arcAB = 

AB 

arc AD ; and, A OB being ^e; or, --—■ being ^, we have 

AB BM ATI TITi/r 

AO A(J 
:: 2AB : 2BM :: arcBD : chordBD 

Let the chord BD be the side of an inscribed polygon of n sides; 
then the greater n is taken, the less does the whole boundary of the 
polygon (which is n X chord B D in length) differ from the circum- 
ference of the circle (which is n x arcBD). Let n x arcBD = 
n X chord B D -|- Z ; then can the length Z be made as small as we 
please, by taking n sufficiently great. 

But chord BD s= -arcBD, and substitution gives. 





or 
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n X arcBD — /I X —- X arcBD =s Z, 

(l_i!^)xnxarcBD = Z 

that is, (I —) X circumference = Z 

But as n increases without limit, the angle BOD, and, therefore, 
BOM, diminishes without limit; and since, in such a case, Z also 

diminishes without limit, the fraction 1— diminishes without 

w 

J 

limit, the circumference being always the same. Hence, — — ap- 

proaches without limit to unity. Let the student try to demonstrate 
this in the manner of (4.), supposing i and sin ^ to be incommen- 
surable. 

The angle of 5 degrees, which is not for any practical purpose a 
small angle, and which, in analytical units, is '0872665, has, for its 
sine, '0871557 ; which gives, 

sin (-0872665) _^ 0871557 _ 872 . 

•0872665 ™ 0872665 873 ^^^^ °^ ^' 

or, when AOB is the eighteenth part of a right angle, if the arc 6 A 
were divided into 800 equal parts, BM would be more than 799 of 
these parts. 

(47.) As the angle diminishes without limit, the cosine approaches 
without limit to unity ; and 1 — -cos^ diminishes without limit, as also 
does sin^. It will be necessary to examine the ratio of 1 — cos^ to 
sin ^ under this change. 

l.-.<>os^ (I— cos^(t +cas/) sin*^ sin^ 

sin^ siii^ (1+cos^) sin^(l 4-cos^ 1+cos^ 

of which the numerator diminishes without limit, while the deno- 
minator increases with the limit 1 + 1 or 2. The fraction, therefore, 

1 ^^ cos ^ 

diminishes without limit, or : — - — diminishes without limit. 

sm^ 

When ^ is 5 degrees, its sine and cosine are *0871557 and 
•9961947 very nearly. Whence, 

1 — cos/ -0038053 4^ 

" sm/ ^ -0871557 "^ 87 

or, for this angle, 1 — cos/ is less than the twentieth part of sin/. 

2 D 
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If we take 5 minutes instead of 6 degrees (5 minutes in ana- 
lytical units being '0014544, its sine the same to seven places of 
decimals, and its cosine '9999989), we find, that if i weie divided 
into 1 4000 equal parts, the sine would not be less by so mudi as one 
of those parts, and that 1 — cos^ is not the 1300th part of sin^, 

(48.) Auain, since — : — r = r, the limit is unitr when i di- 

"^ ** smi cos/ •' 

minishes without limit : and since — r — s= ■ . ^ . — -— , the Umit of 

this, in the same circumstance, is 1 x 1, or 1. And, because 

l_cos/ 1 — cos/ ^ sin/ 

~$ "" sin/ / 

therefore also "* diminishes without limit at the same time 

as /. 

(49.) We shall now propose, as a problem, the solution of the 

equation 

sin a; = siny 

or rather, to find certain solutions ; for we have no means as yet of 
ascertaining that any given number of solutions is the total number. 
Jxx)king among the results of (44.), we find the following solutions, 
))remising, first, that x ss^ is one solution : an angle has but one 
sine. 

a:e=y±2flr ar=sy±4flr ar=:y±6flr, &c, 

xss^^f/ a: =ss (^— y)±2^ = 3flr— y or ^ir^y 

X = (^— y)±4T = 6^— y or — Sat— y, &c. 

We now propose tan m j: := cot ny, S ince cot ny = tan f - — n^ J 
we have, firstly, w j = ny, or j: := -( - — nyj . We have, also, 

mx VB ^^ny±i2^ mx ^^ --^ny^iAir, &c. 
And since tan jr =5 tan(jih «")> the following are also solutions : 
»?ia:=^ — ny±^ or ^— ny±3^, &c. 

(50.) The following propositions will be readily proved, espe- 
cially from the figure in (40.). In the same right angle there are no 
two sines, or cosines, or tangents, &c., which are equal to each other. 
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And of angles which 60 not exceed foor right angles, there are two 
to every sine (or cosecant), and x being one, <r— jr is the other; 
two to every cosine (or secant), and x being one, 2** — x is the other; 
two to every tangent (or cotangent), and x being the lesser, «* + ' is 
the greater. 

Now, X being less than two right angles, so is «* — x; but «r + >r 
and 2«r — jr are greater than two right angles. Consequently, where 
there is question of the angles of a triangle, the cosine of an angle 
(or secant), or the tangent (or cotangent), being given, the angle is 
absolutely determined ; for there is but one angle which is contained 
within the limits of the angles of a triangle (O and r), to which such 
cosine, &c. can belong. But, when the sine of an angle is given, or 
Ibimd, as that by which the angle of a triangle is to be determined, 
there may be two angles within the limits of the problem ; for if x 
be one answer, r — x is another. 
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CHAPTER 11. 

FORMULA CONNECTED WITH TWO OR MORE ANGLES. 

(51.) The doctrine of ratios, as in Euclid, presents the notions whidi 
answer to multiplication, division, raising of powers, extraction of 
roots ; every fundamental operation, in (act, excq^t only addition and 
guhtraction. The truth is, that it considers two ratios just as two 
lines are treated in the first book ; that is, as subject to the relations 
of greater, equal, and less, but without any classification or comparison 
of the various modes of greater and less. From the definitions, it 
appears that the ratio of X + Y to Z is more than the ratio of X to Z ; 
and here the Fifth Book stops . But ratio is a magnitude ; we apply 
the words greater, &c. to two ratios. It is true that the definition of 
ratio looks more like that of a criterion than of a magnitude; but, 
as we have seen, the word angle is in the same predicament: 
the definition of opening, or inclination, is only a roug^ primaiy 
conception, while the useful definition of an angle is the criterion 
which determines the greater or less, or the equality, of two angles. 
The rough conception of ratio is relative magnitude ; that notion, by 
which a spectator who knew nothing about numbers, would decide 
whether the picture of a known object was in or out of proportion ; 
that notion, by aid of which savages, who have as little idea of 
numbers as it is possible for a human being to have, comprehend a 
map as soon as it is shewn to them, and point out the various sites 
which they know, as soon as they know whereabouts in xXm map 
they are for the time, and the direction of north or south upon it. 
With this notion comes the following : That the relative magnitudes 
of X and Y to Z, make up the relative magnitude of X + Y to Z : 
whence, we subsequently come to the general definition of addition 
of ratios ; namely, that to add the ratios of A to B and C to D, re- 
duce both to other ratios having the same consequent, say X to Z, 
and Y to Z; then the sum of tlie preceding ratios is that of X + Y 
toZ. 

We have introduced these considerations again, in order to point 



TWO OR MORE ANGLES. 



33 



out the difference between geometry and algebra, which the following 
question, being the fundamental proposition of the present chapter, 
will exemplify. Given the primary functions of two angles, of which 
the sum is less than a right angle, required the primary functions of 
their sum. The geometrical solution is as follows : 

The first angle being less than a right angle, take any straight 




Q M 



line OM, and erect MN, so that the ratio of NM to MO shall be 
the tangent of the first angle; then will NOM be the angle in 
question. Then draw N P perpendicular to O N of such length that 
the ratio of PN to NO shall be the given tangent of the second angle; 
whence t^ON is the second angle, and MOP is the sum of the 
angles. Draw P Q perpendicular to O M, then is the ratio of P Q to 
PC the sine of the sum required, &c. This geometrical construction 
is a complete solution within the meaning of the terms geometrical 
tohitionf with regard to which it is matter of definition that lengths 
are determined, found, or given, when the extreme points are given. 
But it is not an algebraical solution, of which it is a condition that 
no magnitude is given, determined, or found, unless its ratio to 
some given magnitude of the same kind be given, &c. The geome- 
trical solution is the more easy, because it assumes the harder point, 
and requires only determination of position ; the algebraical solution, 
which requires ratios, carries the geometrical solution further, and 
demands consequences with which the geometrical solution, by an 
express definition of exclusion, has nothing to do. And the student 
will do well to remember this when he comes to read controversy 
about the relative value of algebraical and geometrical solutions. 

The algebraical solution is as follows, without symbolic language. 
Draw NR parallel to OM. Then, since PQ is made up of PR 
and NM, the ratio PQ: PO is the sum of PR : POandNM : PO. 
But PR : PO is compounded of PR : PN and PN : PO, or by 
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limilar triangles, of OM : ON and PN : PO, and being com- 
pounded of given ratios, may be eipressed by whaterer symbol we 
adopt to signify composition. Similarly, NM : PO is compounded 
of N M : NO and NO : P O, two given ratios. Under the common 
meaning of terms in algebra, we may, if all the pairs be commen- 
surable, and if O P stand for the number of linear units in P, 
&c. we proceed thus : let NO M = /e, MOP =sf e, then MOFs 

'( , >iN _ PQ _ PR NM _ PR,PN NM,NO 
8m(^9 + ^^^ — p O "■ PO "*■ PO "" PN * PO "*■ NO ' PC 

MO PN . NM NO , . . . , 

= NO'PO ■^NO'PO^^^^"''^"*'""^^^ 

If the ratios be incommensurable, we most either, 1. Imagine 
commensurables very nearly equal to M O, &c. to be substituted, and 
the real meaning of the equation will then be (meaning by (a) a very 
near approximation to a), (cos f) (sin f ) -f (sin f) (cos f ) is very near 
to sin (^ + > ^h 2* adopt the more general ideas of ratio in the 
preliminary treatise, and interpret the symbols of operation accord- 
ingly. Leaving the student to take which course he can, we now 
proceed, having obtained in every sense of the terms 

sin (9 + ^ sinf cos^ +cosp sin^ 

similarly cos (9 + ^ co&f cot^'^ sinf vat^ as follows: 

. , -V _ OQ OM — NR OM ON NR NP . 
cos(p + tf)- ^= —OP = ONOP "^NPNO*^- 

Now, construct a figure in which p e and / e are each less than 
a right angle, but their sum greater ; shew that the process for the 
sine remains exactly the same, and that in that for the cosine of the 
sum, which is negative, OM — RN also becomes negative; whence 
we still have cos (^ + w>iM its «fgn = (O M — R N) -^ O P, 
and the two formulae are precisely as before.* Shew also that by 
aid of 

cos*p + sin'p = 1 cos*tf + sin*tf = 1 

the sum of the squares of the preceding developements is = 1 . 

(52.) Since these formulae are universally true, independently of 
all values of the angles, toUhin a right angle (as far as we know yet) 
they will remain true if instead of ^, we write f — /. Do this, which 
gives 
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Mia p = sin(p — ^) cos^ + cos<p — * sin ^ 
cos 9 = cos(9 — cos^ — sin (9 ~" ^) sin^ 

Multiply the first bj cos/, and subtract the second mahiplied by 
sin/, remembering that cos'/ + sin'/ = 1, which gives, transposing 

the sides, 

sin if — ^) = sin f cos ^ — cos p sin^ 

cos (9 — = cosp cos^ + sinp sin^ 

Which proves that the two first formuls are true when one of the 
angles is negative. In sin (^ + write — / for /, and we have 

sin(p — ^) = sinf cosC^- &) + cosf sin( — &) 
or (44.) = sin p cos — cos p sin ^, as just proved. 

BndeaYour to deduce these propositions from an adaptation of the 
construction ia (51.), and verify the value of the sum of the squares 
as before. 

(53.) We now shew that these formuls remain true whatever may be 
Uie magnitude of the angles. We shall take a case, and recommend 
the student to acquire dexterity in the management of the formulae, 
by trying various others. Let us suppose our first angle to be in the 
third right angle, and our second in the fourth, so that the sum 
roust be in the sixth at least, or in the seventh. Let «• + /, and 

—- + f be the analytical units in the angles, and / and p must 

therefore be severally less than a right angle. Then the sum is 

— - + /4"^> or2«'-f--f/-f-^, and, therefore, its sine is (42.) 

sinf ~ + ^ + p) or cos(^ + 9) or cos ^' cos 9 — sin tf • sin 9 . . (A) 

But sin (gr + 9) = — sin 9 or sin =s — sin (tt + 0) 
cos («• + ©)=— cos © . . cos = — cos {v + 0) 

• ^3ir . \ . /37r , ^\ 

sml— +0) = — cos^ ,, cos^ = — smi --- H-0 1 

/3gr , \ . /3gr , ^\ 

cosl— -H-^)= sm^ .. sm^= cos I —-+01 

and, by substitution in (A), we have 

sin(ir + + 3~+0) = — cos(w+0) x — sin(^Y +0) — 

(—sinT+e) Xcos^y + 0) 
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9in(x + e + 3j + ^)=co»(» + e)»in(^+^)+»m(*+9)cos(|+f) 

3ir 
let IT + ^ ^, -—4-0 5=^', and we hare 

i 

sin (9^ 4- 0') =s cos 9^ sin ^ + si^i ^ cos 0', the same as before. 

We have then as general formulae, true for all angles, positive and 
negative, 

sin(0 + O) = 8in0co894-cos0sin9 sin(0 — 9) =: sin^cosO — cos^sind 
cos(0 + ^) s= COS0COSO— sin08in9 CO8(0— 0) = cos^cosO + sin^siDO 

(54.) We can now, with very slight labour, acquire a large number 
of very useful formulae so quickly, that previous description will be 
unnecessary. 

sin (0 + 0)+ sin (0 — 0) ^ 2sin0cos9 
sin(0 + O) — sin(0-- 9) ss 2cos0sin9 
cos (0 + 0) + cos(0— 0) = 2 COS0 COS© 
cos (0 + 0) — cos(0— 0) = — 2sin08in0 

Since these are always true, we may for and write ) (0 + 0) and 
1(0 — 0). Do this, which gives 

sin0 + sin = 2 sin i (0 + ^) <^s K0 — ^) 
sin 0^ — sin =: 2 cos i (0 + 0) sin } (0 .^ ^) 
COS0 + COS0 = 2 cos ^ (0 + 0) cos K0 ~ ^) 
cos — COS0 = — 2 sin i (0 + 0) sin J (0 — 0) 

•in0 — 8in0 tan^(0 — 0) sin + sin 

•in0"+"sin0 "" tani(0 + 0) cos0 + cos0 "^ *ani(0+0) 

(55.) Now, from 2 = + 0, and from sin (0 + 0) &c. deduce 


sin 2 = 2 sin cos sin0 = 2sin-cos~ 

2 2 

Q a 

COS 2 = cos*0— sin*0 cos0 = cos* sin*- 

2 2 

= 1— 2sin»0 = i — 28in«- 



= 2cos'0 — 1 = 2 cos' 1 

2 

1 + cos 20 = 2cos*0 1 +COS0 =s 2cos'- 

2 

a 
1— COS20 ss 2sin*0 1— cos0 = 2sin*- 



2 

2"" 



2 



2 
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tan*© SB -— tan'- = --; 

1 +COS20 2 1 -fcosO 

.. 1+C082e . •/'T e\ 1— sin0 

cot'© sss — ■ tan'l— — -I ^ 

1— COS20 V4 2/ l+sin0 

(56.) tan(d + e) = ^i^(f'\r9) ^ sin».cose +CO8 sin© 
^ cos (^ + 9) cos ^ cos — sin ^ sin 

divide both terms of the last fraction by cos ^ . cos 

^ , , .V tan + tan ^ 

tan ( ® + ^) = :: — ^^— ' ;: ; 

^r^ / 1— taii^tan©' 

• -1 1 ^ / .i\ tan* — lanO 

similarly, tan(^ — ^) = --r-^ ^; 

■'' ^^ ^ 1+ tan* tan© 



^ o. 2 tan© ^ . 2 tan i a 

tan2d = : rr tand = 1— - 

1— tan'e 1 — tan'i© 

* A . * sin(0 + 0) ^ . ^ sin(d— 0) 

tan^ + tan® s= — \ ^^ tan ^ — tan® = — ^^^ ^' 

•^ cos cos ^ cos 0. cos 

(57.) The formuls in (54.) reduce multiplication to addition in a 
way whiob may remind us of logarithms, and we shall see more of tiie 
same sort of analogy before we have finished. They give, 

sin^cosO = isin(04-d) + Jsin(0 — 9) 
cos0sin9 = isin(0 + 0) — isin(0 — 9) 

COS0 cos© = i cos(0 + ©) + i cos(0 — 9) 
sin0sin© = ^cos(0 — 9) — icos(0 + ©) 

Let it be required to reduce the product cos m cos n cos/?; 

COS771 cosn cosp = I cos(m + n) . cosp + ^ cos {m — n) cos p = 
I cos (»i + »+/>) + i cos (m + n — p) + J cos (/> + w — ») + 
i cos(/> + » — m), by applying the same formulae twice. 

(58.) We may apply this method to ascertain the nth power of a 
sine or cosine in terms of the sines and cosines of the multiples of 
the angle, as follows ; by (55.) 

cos'© =s ^ + ^ cos 2 © cos^© = ^ cos © + i cos 2 © cos © 

= icos©+ i(icos3© + icos©) (2© + © = 3©, 2© — © = ©) 
=s foos© + icos3© or 4 cos'© = 3 cos © + cos 3© 

Multiply by 2 cos© (we thus avoid fractions) 

8cos*© = 6cos'© + 2cos3©cos© 

= 3 + 3cos2©+cos4©+cos2© =a 3 -+-4 cos 2© + cos 4© 

E 
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Proceeding in this way we get the followiDg set of equations: 

CO80 = cosO 
2 cos'© =s cos 20 + 1 
4 cos'© = cos 30 + 3 cos© 
8 cos*© = cos4©H-4cos2©H-3 
16 cos'© = cos5©+5co83© + 10co8© 
32 cos*© =s cos6©-f 6cos4©-|-15cos2©H-10 
64 cos'© =s cos7©-f 7cos5© + 21 cos3©-|-35cos© 
128 cos*© = cos8©4-8cos6©-f 28cos4©H-56cos2© + 35 
&c. &c. &c. &c. &c. 

Again, 2sin'© = l — cos2©, 4sin'© = 2sin© — 2cos2©.sin0 

(54.) (2cos2©.sin© =s sin3©~sin©) =2 sin© — sin3©+siDd 

= 3sin0 — sin3© 
8 sin*© = 6 sin^©-— 2 sin 3©. sin© 

= 3 — 3cos2©— (cos2©— C084©) == 3 — 4cos2©-|-cos40 

Proceeding in this way, we get equations which may be thus most 
systematically arranged : 

sin © = sin© 

— 2 sin'© = cos2©— 1 

— 4sin'© = sin3© — 3sin© 
8sin*© = cos4© — 4co82©-f-3 

16sin^© = sin5©— 5sin3© + lOsin© 

— 32sin*© =s cos6© — 6cos4© + 15cos2© — 10 

— 64sin'© = sinT© — 7sin5© -t 21 sin 3© — 35 sin© 

128 sin"© = cos8© — 8cos6© + 28cos4© — 56cos2©-f 35 
&c. &c. &c. &c. &c. 

Between these two sets there are strong resemblances and strong 
differences. It appears that the cosine is a much more simple 
function, in its relations with other cosines, than is the sine in relation 
to other sines. The alternation of positive and negative signs, in 
pairSf here occurs for the first time. We shall now shew how to 
form the inverse expressions, namely, cosn©, &c. in terms of powers 
of cos©, &c. 

(59.) By (55.) we have 

cos 2 © = cos'© — sin'© sin 2 © = 2 sin © . cos © 

Let the sine and cosine of © be denoted by s and c. 
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Then cos20 = c« — s* im29 = 2cs 

3© t=cos(20 + e) = cos20.c — sin2e.8=s(c*— s«)c — 2cs.s = c«— 3cs» 
3 O =s sin (2 9 + e) = sin 2 0.c + cos2 0.s == 2 c s .c + (c* — • s*) s = 3 c« s — s* 

COS40 = cosse.c — sinse.s = c* — 6 c' s' -|- s* 
sin40 = sin 3d. c + cos 30.9 = 4c*s — 4cs* 
and thus we get the followiog equations : 
COS© = c sine = s 

cos26 = c* — s" 8in2e = 2cs 

CO830 = c'— 3cs« sin3« = 3c*s — s» 

cos4e = c* — 6c*s'H-s* sin4e = 4c*s — 4cs» 

COS50 = c*— 10c»s«+ 5cs* sin50 = 5c*s— 10c«s» + s* 

and so on; the law of which will be hereafter investigated. 

(60.) It is easily proved that 
(cos© + sin©)' = 1 + sin2© (cos©— sin©)« = 1 — sin2© 

costf = ± J ^/l+sin2© ± J n/1 — sin2© 
sin^ = ± i >/] +sin2© =F i n/I— sin2© 
in which the ambiguity of signs will be afterwards discussed. 



Also costf = \/i(14-cos2©) sin^ = \/4(l— cos2©) 

(61.) Multiply together the fifth and sixth in (54.), and 
obtain 

sin (p + sm (p — tf) = sin'p — sin*^ 

(62.) We shall now proceed to some cases, in which the sines, 
&c. may be exhibited numerically. But, first, by means of this 
theorem, namely, that (wi' + n*)!!, 2i7i»U, and (m* — n')U, are the 
sides of a right angled triangle, U being any linear unit, we can at 
pleasure find the means of verifying the preceding formuls in the 
roost exact manner. 

For, if sm^ = « , ^ then cosd = ^ . a tantf s= —5 

4 3 4 24 

Let ni=2, 7i = l ; then sin/=-, cos^=s-, tan/= -, sin2/= — , 

7 44 117 

cos2/ = — — , sin3^=— , cos3^ = — — , &c. In such a case as 
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this we do not know the angk in question ; but we will shew tl*t 
this rude method, though the labour would be very cposidenkle, vh 
in theory, an unfailing means of finding the angle to a given sine or 
cosine, as nearly as we please. Suppose an angle to have a sine and 
cosine, both positive ; that is, to be less than a right angle, or in the 
first right angle. By finding sin^, sin 2^, &c., and cos^, C082l, &c^ 
we are able to find tan^, tan 2^, &c. Now, since the angle in question 
is less than a right angle, there will be multiples of it in every right 
angle (one at least) ; that is, no right angle can be left out, or there 
must be values of n^ lying between m and m + 1 right angles. Con- 
sequently, since the tangent in the several right angles is alternately 
positive and negative, we shall always be warned of the value of the 
multiple angles passing a whole number of right angles, by a change 
of sign. The first negative sign will indicate that the multiple has 
become greater than a right angle; the next change, namely, from 
negative to positive, that the multiple now exceeds two right angles ; 
and, generally, the mth change of sign shews that the multiple in which 
it appears lies between m and m -f 1 right angles. If, then, ve wish 
to know the angle which belongs to the given tangent within, say one 
vth part of a right angle, we proceed step by step, and find within 
what right angles vf lies, by noting the i\,umber of changes of sign in 
the series tan ^, tan 2 ^, tan 3^ tan v /. Let it be between m and 

w? + 1 right angles ; then f lies between — and ■ of a right 

angle, or is known within one vth part of a right angle. 

The preceding process would be too long and laborious for prac- 
tical purposes ; but it shews us, theoretically, that the determination 
of the angle which has a given primary function^ to any degree ofnear-. 
ness, is within the means of common algebra. 

(63.) Coming now to the determination of some primary func- 
tions, we shall express the angles both in analytical and practical 
units. By (34.), all that we have proved of the primary functions of 
angles represented in the former way, is true of the latter ; except 
only the theorems in (46, &c.), where the angle enters directly with 
its primary functions. For instance, though 10" is a very small 
angle, it is obviously neither proved in (64.), nor true, that 
sin 10" = 10 nearly. If we now represent n degrees by n°, n mi- 
nutes by n\ &c., we have the following equations : 
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*e = 180°, |e =n 90*, J© »= 46°, ^0 = 30°, fe = 60°, 
^& = 15°, ^0 = 135°, v® » 120'', &c. &c. 

12 4 3 

1. -e or 45°. The sine and cosine are evidently equal. In 
4 

(30.) if OM rss MB = U, then OB =5 >/2U, and 

2. ^© or 30°. A right-angled triangle, having an angle of 30", 

is the half of an equilateral triangle. The side opposite to 30® is 
half the hypothenuse; hence 

'g=5 -f = VR-5^3 u„f=;^cot-'=v^3 

3. ^e or 60®, is the complement of ^e or 30°. Therefore, 



cos 



3 = 2 *'"3 = 2^^3 tan- = ^^ cot- = ^- 



IT TT 

4. —9 or 15°, is the half of -0 or 30*. Hence, by the for- 
mula in (60.) 

cos:^ is either -V 1 + « + «V 1 — « 
12 2^^ 2 2^^ 2 

or the same, made negative ; but it must be positive, whence we have 
V >/3 -h 1 . ., , . w s/3 — 1 

'°^i2 = -uT^ ^"""^'-'y' ^'"12 = -272" 

= \{^6+^2'j =1(^6-^2) 

5. ^e or 7°.30' is the half of —8 or 15°. And by (60.) 
24 12 J \ / 

^ = yO+i>/6-iv2) + lv/(l-lv6-l-i^2) 
^ = yO + 5>/6-lv2)-lv/(l-1^6+lv2) 



COS 



sm 
24 



In this way we may successively find the sine and cosine of 
3° 45', 1° 52' 30", 56' 15", 28' 7"-5, 14' 3"-75, 7' l"-8r5, 3' 30"9375, 
1' 45"-46875, 52"-734375, the latter angle being -8789063 of a 

£ 2 
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roioute. But since the sines of small angles are nearly in the 
ratio of the angles themselves, and since the ratio of magnitudes 
are tlie same in whatever units they may be expressed, we have 
very nearly, 

As -8789063 of 1' : T :: sine of the first : sine off 

the fourth term of which can be found from the preceding three. 
This method of finding the sine of one minute supposes that we do 
not know how to express the angle of T in analytical units; if, how- 
ever, we assume the results of (22.), we see that the sine and angle 
of 1' are nearly equal, when the angle is expressed in ttrms of 6, 
and, therefore, that sine 1' ^ '000290888, nearly. But neoHjf is a 
vague term ; we must endeavour to find how nearly the sines of the 
preceding are equal. If we look at the figure in (40.), and the 
postulate in (10.), we see that AT +TB is greater than the arc A B, 
or that 

AT-fTB AT + OT— OA . ^ . ArcAB 

-OA— ^' OA '^ «^^*^^ *"" -OA- 

that is tanO + secO— 1 is greater than 

But sec is greater than 1 ; therefore, tan 9 is greater than 0. 
Consequently, we find that 9 — sin is less than tan 9 — sin 0, or 

than sin (1 — cos 9) -r cos 9, or than 2 sin 9 sin* - -?- cos0 ; or 



— sin ^ is less than 



2 sin (sin- j 



COS0 

If, then, we increase the numerator of the preceding, and diminish 
the denominator, we in both ways increase the fraction ; consequently, 

29 (ty , 2sin0/'sin-V 
V2/ is greater than \ 8/ 

cos^9 cos 9 

0i 
or 0— sinO is less than J rrr ; diminish the denominator still 

further by substituting 9 for sin 0, and we have finally 

9 — sin is less than ^ — - 

Or '000290883 — sin'000290888 is less than a fraction very near to 
*r^C*oS? °' -OOOOOOOOOOl very nearly. 
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HeDce, to ten places of decimals, the angle and sine of one minute 
are the same things: that is, we may assume sinV ss '000290888. 

Now, COS0 = 1 --• 2 sin*- = 1 — 2 1- J very nearly, or 1 — ^0*. 

We have, therefore, cos 1' = 1 — J (^-0002909)* very nearly = 
'999999958 very nearly. Knowing thus the sine and cosine of one 
minute, we might calculate those of 2', 3' ... . !<>, 1^ T, . . . . up to 
89* 5^, 90^, and by dividing sines by cosines, we might find the 
tangents. After which, by taking reciprocals, we might find the 
cotangents, &c. To put this method in practice would increase all 
necessary difficulties some hundreds of times ; but here, as in (62.), 
we are not pointing out how a table of sines, &c. should be formed, 
but merely shewing how it may be done, that the student may not go 
to the tables, as to results of the possibility of arriving at which he has 
•no comprehension whatever. We can, however, make him see that 
even the labour of this process may be materially lessened. 

1. No cosines need be calculated, nor cotangents, nor cosecants ; 
for in sin 1' we have cosine 89° 59' ; in sin 2' we have cos 89® 58' &c. ; 
so that a complete table of sines for all minutes of the right angle 
is also a table of cosines. For a similar reason, a table of tangents 
is also one of cotangents, &c- 

2. Half of the secants and cosecants may be formed by simple 
addition, when the rest are known, by the formulae 

»ece = l(,anie + cotle) »ece =l(un(^-|) + cot(J-?)) 

which we leave to the student to prove. 

(64.) Suppose, however, that our table is calculated for every mmute 
of the right angle, it remains to see how the truth of the calculated 
results may be verified. It must be observed, that in all mathe- 
matical tables, the danger of an error of printing is greater than that 
of an error of calculation. An error of the former kind is one to 
which all places of figures are equally subject; one of the latter is 
only to be feared in the last figures. The method of verifying a 
doubtful figure is to calculate the function in question by means of 
any other functions, using one of the formula already obtained. 
Thus, if there be a doubt about sinl6'', as given in the tables, we may 
remember that it ought to be the same as 2 sin 8** cos 8°, and we may, 
therefore, double the product of sin 8^ and cos 8^, and compare it 
with what is given for sin 16'*. But, as multiplication and division 
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Are tedious operation^^ compared with addition and subtractioo, we 
gbould, for our present purpose^ prefer such formule as contain only 
the latter pair of operations. And such formulae have received the 
name o(formui/t of verification, meaning, tliat they are peculiarly 
applicable for that purpose. We shall now deduce a few of the 
kind. Let A be an angle measured in degrees, &c. 

(54.) (63.) sin(30'' + A)+8io(30»— A) = 2sin30^cosA = cosA 

Again, the sine of r-e, or 18**, may be thus expressed. If 

50 = — , we have 
2 

cos3 = 8m2©, or (59.) cos'O — 3cos0.sin'0 = 2cos9.sinO 
divide by cosd, and substitute 1 — sin* 9 for cos*9, 

1 — 4sin'0 =5 2sind; or, taking the positive value of sin 

sin — = ■^^— : — from which we find 
10 4 

cos- = 1 — 2 sin«-- = -2^— - — 
5 10 4 

Hence we find (54.) 

8in(18° -f A) + sin(18°- A) = ^i^!^cosA 

cos(3G° + A) + cos (36° - A) = :i^^^^ cos A 

Subtract the first from the second, which gives 

co8(36°+A) + cos(36°— A) = cosA + sin(18<>+A) + sin(18— A) 

(65.) Before beginning to use the tables, the student should have 
a good notion of the changes which take place in the magnitudes of 
the several functions through the first right angle. And he should 
also take some metliod of readily remembering the changes of relative 
magnitude which take place through the four right angles. The best 
method of doing it is by remembering the general character of, the 
forms of certain curves, which we shall presently proceed to explain, 
first premising a more simple illustration of the method. Suppose 
we wished to take a view of the prices of corn (the average per 
quarter) in different succeeding years. 
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' two Kalea perpettdictilar to each other, as in the figure : let 
fepteaeTil a year of time, AC a pound sterling of money. If we 



begin, say at the year 1790, let B be marked 1790, P 1791, Q 1793, 
Sec. and at each point erect a perpendicular Ibe length of which, AC 
being twenty shillings, shall reprewnt ibe price of the quarter of com 
for the year. We have thus a better idea of the magnitude of ibe 
_cbaQge$.(haa)recoaId.£St bj lc<)k>ngat-abhIear{vio««. 

Now, take a similar scale for angles and their primary functions. 
Let armies be measured on OA, at the rate of a right angle, or 90° 
to OA i let numbers be measured on the perpendiculars to OA at 
the rate of O B to a unit. Tbe curres are so drawn that ifany angle 
be laid down on OA (that ii, if the proper line be measured from O, 
which is to OA as the ai^Ie in degrees, Sec. is to 90°), then tbe six 
curves will cut off from the perpendicular six lines which repre- 
teni (if OB represent 1) the sine, cosine, Sm. of the angle. It is 
now for the student to find out which is the curve of tines, which 
that of cosines, &c., to examine them attentively, until he perceives 
tbe truth of all the theorems in (32.) (39.) &c. and to remember the 
forms of the curves in such manner that the mere words sine, cosine. 
Sec. shall call up tbe ideas of the variations of magnitude which are 
peculiar to the fiinction in question. 

For inslanet, it is long before it is as familiar to a beginner as 
the word cosine, that the cosine ofO ii 1 ; the notion always being, 
that the cosine ofriothing is nothing. A recollection of the manner 
in which the curve of cosines begins with the angle, would com- 
pletely remove the liability to this mistake. 

It mould be one of the most improving exercises which Ibe 
student could impose upon himself, lo draw a considerable number of 
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sucli curves, provided be can obtain papec ruled ^ boriio&taUjr and 
▼ertically at small intervals. It will be quite tufficieot to divide a 
right angle into six equal parts, or to take six intervals of length for 
the right angle. Four intervals of perpendicular length should re- 
present the unit of the functions in question, by which means that 
same unit will very nearly represent the analjftical unit O on the line 
on which angles are measured. Suppose, for instance, the paper is 
ruled at intervals of a tenth of an inch. Take three iuches for a 
right angle, and two inches for a unit of sine, &c. Suppose the curve 
required to be that which cuts off sin 20 — sin 6: then, taking two 
places of decimals (which will here be sufficient) and remembering 
that 20 per|)endicular subdivisions on the paper count as 1, or each 
subdivision as *05, divide the two places by 5, and the result is 
the number of subdivisions. Also, five subdivisions on the line OA 
represent 15 degrees, or each subdivision represents 3 degrees. The 
rest of the process is as follows : 



fnr the angle, for sin 'i A— 

sin A. 



Angle A 


sin A 


sin 2 A 


sin 2 A — si 





•00 


•00 


•00 


15° 


•26 


•50 


•24 


30° 


•50 


•87 


•37 


45° 


•71 


100 


•29 


60° 


•87 


•87 


•00 


75° 


•97 


•50 


— •47 


90° 


100 


•00 


— 100 


105° 


•97 


— •50 


—147 


120° 


•87 


— •87 


— 174 


135° 


•71 


— 100 


— 1^71 


150° 


•50 


— •87 


— r37 


165° 


•26 


— •50 


— 76 


180° 


•00 


•00 


•00 









5 


^ 


10 


n 


15 


5i 


20 





25 


-91 


30 


— 20 


35 


— 29f 


40 


-34i 


45 


-34i 


50 


— 271 


55 


-15i 


60 


— 



* The common ruling machine used by statioaers will rule paper 
very well to tenths of inches, with each inch-line broader than the rest 
Some years ago, I caused a quantity of paper to be so ruled, which is 
Btill on sale with the publisher of this work. In looking at ruled paper, 
the eye is too accurate a judge : when parallel lines are ruled close 
together, a very trifling defest is perfectly visible. 
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Tbe sttideDt should now lay down and continue this curve, and 
others of the same kind. 

(66.) Let A be a small angle, of about the value of V, It has 
been shewn that for more than eight places of decimals, cos A = 1, 
sin A ^ A, and hence tan A s= A. We have then, with quite sufficient 
exactness for the tables which it is necessary to use (which never 
exceed seven places of decimals). 

sin(0 + A) = sinO cosA-f-cos0 sin A = sinO -f-cosO.A 
cos(0 + ^) = cosO cosA — sinO sinA = cosO — sinO.A 

sinA A very 



(56.) tan(e + A) — tane = 



cos (9 4- A) cos 9 cos' 9 nearly 



or tan(0H- A) = tane H 5-:. A 

^ ' cos'0 

We shall leave the following to the student. 

cot(0H-A) = cote ^-^'h 

y/» . .\ /» . sin© , 

sec(0 + A) = secO + ^^^.A 

//» . IV ^ COS0 , 

cosec (9 4- A) = cosec 9 r^-; . A 

vers(0 + A) = versd + sind .A 
covers (9 + A) = covers 9 — cos 9 . A 

That is, F 9 representing any primary function of 9, we have 
for sin. tan. sec. or vers. F(^ + A) = F^+MA 
for COS. cot. cosec. or covers. F{6 '\- h) = F^ — MA 

where M is not a function of A, but of 9 only. (Remember that 
functions beginning with co, are all decreasing when the angle in- 
creases, in the first right angle). Let A' = '000290888 the minute 
expressed in analytical units ; and let A be any angle less than h' : 
then we have 



F(^ + A') — F^ = MA' i for functions which increase 
F(tf + A) — F^ = MA ) with the angle 

whence F (^ + A) = F ^ + ^,{F (^ + A') - F^} 



But F(0-f-A') — F0 is the increment of the function, when the angle 
receives an increment of one minute in value ; it is, therefore. 
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immediately fbond from the tables, m which the values of ¥(6 -^kf) 

and F9 are those which follow each other, if the tables be to eveiy 

minute, as is usual. Let this increment be . denoted by Dif. for 

difference^ as in the tables, where the subtraction is made id a 

separate column. And let h contain t seconds and decimals of 

k t 
seconds. Then will t/ =s ^ And we ha?e (if A be the angle 96 in 

A OU 

degrees and minutes. 

F(A + = FA + ^x Dif. 

and in the same way, if F 9 be a function which decreases whenO 
increases, we have 

F(tf+A) or F(A + «) = FA-^ X Dif. 

where Dif. now stands for FA — F(A + 10 smd is taken from the 
tables. 

The preceding is, in a more exact form, the representation of a 
notion which may be ipore easily given. If we ask what is that 
function of A which increases uniformly when h increases uniformly 
(the more easy phrase is, which grows at the same rate as long as 
h grows at the same rate) the answer is, that the function can only be 
P 4* MA where P and M are independent of A. In this function, if 
for h we write successively 

h, A + ^ A + 2^ A +3^, &c. 

the values of the function are 

(P + MA), (Ph-MA) + M^ (P + MA)+2M^ &c. 

and, similarly, the function P — MA is of the only form which de- 
creases uniformly when h increases uniformly. If, then, there be a 
function of h which does not increase uniformly when h undergoes 
considerable changes of value, but which increases very nearly uni- 
formly when h is small, and undergoes small changes; that is, is very 
nearly equal to some form of P + MA; the consequence is, that we 
may for very small values of A, and very small changes, treat the 
function as if it were one which increased uniformly. 

To illustrate this, I take out of the table the cosine and sine of 
6% 6« V, 6"" 2', and 6° 3', as follows : 
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Angle 


Sane 


Dif. 


Cosine 


Dif. 


6° or 


-1045285 


•0002893 


•9945219 


•0000305 


6°1' 


•1048178 


•0002892 


•9944914 


•0000305 


6^2' 


•1051070 


•0002893 


•9944609 


•0000306 


6° 3' 


•1053963 




•9944303 





Hence, at and near 6° 1', the sine is a function which increases 
uniformly at the rate of * 0002893 per minute of angle, and the co- 
sine diminishes at the rate of *0000305 per minute. This uniformity 
of increase or decrease, which obtains when the angle changes through 
successive minutes, will, d fortiori, still remain when the angle 
changes from second to second in the interval between two minutes. 
That is, we must, to find the sine of 60* 1' 37"-5, add to sin 6° V such 
a part of -0002893 as 37i is of 60, and to find cos6» 1' 37"-5 we 
must subtract from cos 6** 1' such part of '0000305 as 37i is of 60. 
The process may be performed either by common multiplication or 
division^^Qr in. the manner of the rule called practice in commercial 
arithmetic, as follows : 

3893 



37 


sin6'l' = ^1048178 
proportional part ^^^^^^Q^Q 
for 3r-5 


for 60 2893 


20251 
8679 


for 30 i 1447 
for 6 J 289 


107041 


for 1 J 48 


1447 


sin 6° 1' 37"-5 = -1049986 

cos6° 1' = -9944914 
proportional part ^_.^^^^^^^ 
for 37^5 


for ^5 i 24 


5,o) 10848,8 
1808 

305 
37 


for 37-5 1808 
for 60 305 


2135 
915 


for 30 i 153 
for 6 J 31 


11285 


for 1 J 5 


153 


C0S6*' 1' 37"-5 == -9944723 


for ^5 i 3 


6,o) 1143,8 


for 37-5 192 



191 
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Nothing will secure accuracy to a single unit in the last place of 
tables, which are, therefore, always carried a unit further than would 
otherwise be requisite. 

The inverse process to the preceding follows immediately from 
it. Given FA, F(A + «), and F(A + 1'), required ». Let P be the 
given value of F (A + s) ; then we have 

P = F A + ~ Dif. Dif. = F(A + I') - F A 

(P-.FA)60 
' = Dif. 

But, if FA be a decreasing function, we have 

P = FA-^Dif. s=(IA=I)^ 

60 Dif. 

Thus, suppose it is required to find the angle which has •1052111 
for its sine, and also that which has '9945000 for its cosine. 

P •1052111 P -9945000 

sii>6° 2', or FA -1051070 cos 6°, or FA '9945219 

P — FA 



1041 


FA- 


P 


219 


60 






60 


2893)6246o(21-6 


305)13140(431 


5786 = s 






1220 


4600 


940 


2893 






915 



17070 250 

Anglo required 6® 2' 21 "•6 Angle required 6° 2' 43"* 1 

(07.) Wo must proceed exactly in the same manner with the loga- 
rithms of the primary functions ; and the law of the increase or decrease 
may be exhibited as follows. If we have (making fi = -43429 . .) 

V(A+8) = FA + ^- Dif. this gives logF(A + 5)=log(FA+^-I 

. logFA 4- log(l + J^^^-) = ^^^FA+±^^ nearl 
(Sec Algebra, pp. 226 and 237.) But by making 8 = 60", or 1', we find 

logF(A + 1') = logFA + ^^- or (^ = logF(A + 1') _ log: 
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therefore ^.Dif.-s- FA is what is found in the column of differences 
of the logarithms, and may be taken from the tables. We have then 

logF(A + 5) = logFA + ^ X Dif. of log 

or we may remember that the reasoning in page 48 applies to any 
functions which increase continuously, and, therefore, to the loga- 
rithms of the primary functions, as well as to the functions themselves. 
(68.) It depends, then, upon the amount of the difference between 
F(A+1') and F(A) whether we can pretend very nearly to find the 
angle which belongs to any intermediate between them. Look, for 
instance, at the beginning of the table of logarithmic cosines, which 
by the ai'rangement of the tables is the end of the table of logarithmic 
sines. We have for instance, 

log. COS (f 6' = -9999993 r^nnnM 

log.cosO°r = -9999991 Dif- = -0000002 

W^ Cjgtntiol, Oul of this ^ of ditlefende, make different cosines for 
every second between 6' and 7\ The log. cosine here is increasing 
so slowly, that many successive increments of 1" will not make it 
shew a difference of a unit in seven places of decimals. We come to 
2° 41' before an angle increased by 1" has its log. cosine increased 
by '0000001. And if log. cosines are to sliew tenths of seconds, 
that is, if the log. cosine is to increase so rapidly that 0"*1 added to 
the angle shall make a difference in seven places of decimals, the 
angle must be upwards of 25**. But when we come to tangents of 
angles very near 90°, we find that the preceding method fails, because 
the increases of the log. tangent for successive increases of the angle 
are far from uniform. Consequently, when the angle to be found is 
small, avoid expressing it by means of its cosine, if possible ; when it is 
nearly a right angle, avoid its sine and tangent, if possible. In the 
case of a tangent which is very great, denoting an angle near 90^, 
proceed as follows. Let tan A = a, a being a considerable number, 
80 that the angle is nearly a right angle. Remember that (56.) 

Find, not A, but A — 45°, from this formula, and the difficulty will 
disappear; for near 45° the increase of the tangent is very nearly 
uniform, and also that of its logarithm. For instance, I wish to 
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knowy with great exactness, the angle whose tangent is 3000. On 
looking at the tables I see that it is between 89° 58' and 89° 59', but 
on examining the increase of the tangent, I see as follows : 

tan 89° 57' 1145-9 ,^ ^ ..„^. 

„ , Dif. = 573-0 7 

tan 89° 58' 1718-9 _ y 

►if. es 1718-8 i 



Dif. = 573*0 1 not nearly 
Un89»59' 3437-7 0*^- = '^ISSi equal 



But, the angle wanted diminished by 45° has for its tangent, 
2999 . . 



3001 




IfVXfOOOU 
















tan 44° , 


58' 


•9988371 


















4965 






581 


60 


1-3 














Dif. = 


13)297900(5 








29065 


















7250 




• 




5813 


A- 


45«> 


= 


440 


58' 


51" 


3 



14370 A = 89° 58' 51"-3 

(69.) Suppose cos A = a, a being very near unity, or the angle 
very small. We have then 

sin'lA=l(l-a) smlA=V'i=^ 

which may easily be calculated by logarithms; and from j^A, A can 
be found. Similarly, if we have sin A = a, where a is very near 
unity, we have 

\-a = 1 - cos(90°- A) = 2sin»(46''- ^a) 

sin (45°- 1 a) = y/^ 

and from 45° — i A, A can be found. 

(70.) We have seen that the cosine approaches very near to unity 
when the angle is small ; so near that 1 — cosO is a small quantity by 
the side of 9 itself, when 9 is small (48.). But our future purposes 
will require a theorem which we shall introduce here, to give a further 
notion of the rate at which cos 9 approaches unity. If we take an 

Q Q 

angle 9, less than -, and form the series 9, -, -, &c. we have a 

2 ^3 
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series the terms of which diminish without limit. If we then 
take 

n ^ ^ ^ z 

COS0, COS-, COS-, COS-, &c. 

we have a series of terms approximating without limit to unity. Let 
us now take 

cosd, v^^^oy V^^^^y v^^^iJ 

We know that the powers of a fraction less than unity decrease, and 
without limit as the exponents increase {Algebroy p. 159), that is, if 
the fraction operated upon remain the same. But here we have 
in passing from 

COS© to COS -, increase 

n 

from COS- to (cos-j decrease 
n \ n/ 

the question is, as n grows greater and greater, which will pre- 

cos-), by the de- 
crease which takes place in raising the power, tend to a limit less 
than unity, or may it be brought as near to unity as we please. 
To try this, write 

(cos -J in the form fl — 2 sin* -—J 

(g \2 / 9 \^ 

sin— J =2/^( — j then fji, continually 

approaches to unity as n is increased. Substitute, which gives 
{Algebra, p. 209, and p. 218, for a similar process) 

\ n/ X 2»v 2fr 2 4?t* 



1 



every term of which, except the first, diminishes without limit when 
n increases without limit ; for remains the same, fi approaches to 
unity, and n has increase without limit, causing the same in all the 
denominators. Hence 

(0\*^ 

cos- j has the limit 1, the same as that of cos- 
n/ n 

f2 
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9 . , . e\» 

I of I COS 

l.ke circumstances. It is evident that 

(cos^ + A sin?)" = (cos^)" (l + Atani)" 



COS — |- Asin- j under 



for {p + q)- = i>" (l + p" and g^ = ton 

in which product the first factor, as just shewn, has unity for its 

limit, and we must examine that of the second factor. If we make 

9 9 

tan- ^ ii- then (48."), as n increases without limit, the limit of a 
n ' n >> /' 

is unity. Substitute and develope by the binomial tlieorem, which 
gives (as in Algebra, p. 218), 

Take the limit of both sides (limit of /• ^ 1) 
Limit of (l + Atan-Y = \+ki + ^ + ^^ + .... =«*' 

or Limit of (cos-4-Asin-) = g*^ 

V w ' n/ 

That is the equation f cos- + Asin-j = g*^ 

1. is never absolutely true; 2. is very nearly true, if n be great; 
.3. can be brought as near to truth as we please, by making n suffi- 
ciently great. Extract the arithmetical nth root {Algebra, p. 110) of 
both sides, and we have, as nearly as we please 

6 If ^ 1 r *•* 

cos- H-Asin- = g » I ^- Icosw + Asinw = g 

n n II 

if n may be a« great as we please. J \}t «i may be as small as we please. 



Observe that this is independent of the value of A;. In the last form 
the result is easy to establish, for when u is small cosw-f-^sin«i is 
nearly 1 -f-^*'? which {Algebra, p. 187) is by much the greater part 

of the developen.ent of s***. This process, therefore, is one more 
experience of the confidence to be placed in the developements of 
(1 4-.0" 3ind s' {Afgebra, c.xi, xii.); and also suggests the propriety 
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of examining further the form cosd-f-fesind. Multiply two such 
forms together, and we have 

JOS0 + fcsin0)(cos0' + /csinO') s^ cosd cos0'H-/c*sindsind' +/[sin(0 + 0') 
= cosOcose' — sin0sin0' + (l+/r»)sin0sin0'H-A:sin(0 + d') 
= cos(0 + 0') + /csin(0 + 0') + (1 + k^) sin0sin0' 

or, if this function of0, cos -f- /c sin be denoted hy fOy we have 

fOx/e' =/(0 4- 0') + (lH-A)»)sin0.sin0' .... (1) 
Multiply again hy fQ" or cos0" + /csin0", which gives 

x/0' x/0" =/(0 + 0' H- 0")+(l H-A;»){sin0"sin(0-h0') Hrsin0.sin0'/0''} 
since by (I) /(0 + 0')/0'' = /(0 + 0' + 0") + (1 + /c^)sin(0 + 0') sin0" 

By proceeding in this way we see that if we multiply together /0, 
fQ'y f9"y .... we have an equation of the following form : 

fe.fe'.fe".... =/(0 + 0' + 0"+ ....) h-(i + /c«)V 

where V is a function of the angles, and oi k, Tliis factor 1 -f k^^ 
might be made to simplify the expression materially, if there were 
such a value of k as that 1 -{-k^ should be ^ 0, but there is evidently 
no such algebraical value, positive or negative, for k^ is always po- 
sitive, and 1 -f- /c^ greater than 1 . We shall hereafter see the conse- 
quences of this hint, but we shall leave this formula for the present. 
As far as we have yet proceeded, every thing seems to render it most 
likely that, if any function of sines and cosines be identical with a 
function of common algebra, it is of the form cos0-f-/csin0, which, 

tliough not found to be such, is very nearly represented by «*^ 
when is small. To try4his supposition, let us (as an experiment) 

make cos ^ + A si" ^ = ^ for all values of 0, 

merely to see whether the consequences coincide with those already 
obtained or not. Then, if this equation be universally true, we have, 
writing — for (44.), 

cos — k sin = g~*^ = -y^ Let e = * 

1 1 
Then 2cos^ = j;-f-- 2Asin^ = x 

X X 

Again, cosn^ -f- Asinnd = S*"^ = \}^J =^ 

coswd — Asinnd = g"*"^ == G'^O** " ~'* 
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Whence 2co8W^ = ar* + - 2hs\nn0 = a:*— -j, 

(72.) Let us try some properties of the sine and cosine with 
these supposed values. 

cos 2 = 2 cos' d— 1 or 2 cos 2 = (2 cos ©)* — 2. 

If our preceding equations be correct, we should have, 

x* H — , := v**^ "^ ~) — ^ » ^^^ ^^^^ *' ^"*®' therefore 
this case does not contradict our assumptions. 
Again 'sin20 = 2sindcos0 or 2/csin2d = (2/csin0)(2cosd) 

Jiut X' — Tia = ("^ Jv**^"^"} ^^^^ ^*^^' therefore, is 

no contradiction. 

Again, cos20 = 1— .28in*0 2k^con29 = 2Ar»— (2A8ine)» 

Hut 2A«cos2tf = k^x^+ -^ 

2A«-(2Asintf)2 = 2A«-(a;-iy = 2A2 + 2-a;2-p 

to equate these two is therefore to make /c'-f- 1 =: 0, which cannot be. 
We may next prove that all the equations contained in 

2cos72d = a:** H- — - 2Asinntf = a:" 

for all whole values of n from upwards, must be true if the two 
first are true; namely, 

n ss 2 = a:°H — 5 2AsinO = x^ 5 which are true 

X^ X 

w = 1 2cos^ = a* + - 2Asind = X (A) 

For it is readily shewn that the truth of any two of these equations 
involves the truth of the next, as follows. Let a and a -f-ly suiy 
two successive values of tz, give true results, that is, assume 

2cos«d = a; 4--- 2k%ma& ^= X — -— 

a« x^ 

2cos(a+ 1)^ = a; +-^1 2/esin(a + l)d = a;" — 



Now, \ — = (a-\-\)& ^ ^- = & 
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(54.) cos(a + 2)d + co3a0 =s 2cos(a-f-l)0.cos0 
sin(a + 2)0 + sina0 = 2 sin (a + 1)0 cosO 
rherefore 2cos(a-|-2)^ = 2cos(a -j- l)d.2cos^ — 2cosad 

0+2 . 1 

= a? + 



And 2Asin(a + 2)^ = 2A.sin(a + l)^.2cosd-.2Asina^ 

-(-"■-kT.)('+:)-('-y 

__ o+a 1 

From these it appears that the third follows from the two first ; 
the fourth, from the second and third ; the fifth, from the third and 
fourth, with the second, &c. 

We now try the equation 

\c(nv -r aitiv)* «a J >-j- sin2^ 
or (A.2co8^+2Asin^)« = 4A«-f 2A.2Asin2^ 

But ((A + l)a: + ^y = (A + l)8^2 + 2(A«-l) + ^^' 

which becomes identical with 4A;' + 2/cfx' A only on the im- 
possible supposition of 1 + /c^ := 0. 

We shall try one more case. 

Since .r" = cos nO + k sin nQy and x = cos + A: sin B, we have, 

COSW0 4- ftsinn© = (cosd + A;sind)*»= (c + &s)»» 

or COS20 + /rsin20 = c'+2A;cs + A;«s» = (c»+ 2 Ac s — s^) 
cos3d + A;sin3e = c''^ 3/cc*s + 3A*cs*H- A:'s« 

= (c3 + 3Ac*s — Scs'' — A;s») 
cos40 + fcsin40 = c* + 4A:c''s+6A:'c«s« + 4A;»C83 + /c<s* 

= (c* + 4A:c''s — 6c*s^ — 4/c cs^ + s*) 

The values in parentheses are those already found in (59.), 
simply multiplying the sines by /c, and forming cosnd -f- A;sinn0, 
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case after case, alteriDg only the order of the terms, so as to put them 
under those which they resemble in the results of our present method. 
We see, then, that the results of our present method coincide with 
those of (59.), by writing — 1 for /c*, — k for A*, 1 for A:*, &c., 
which are all algebraical consequences of the single assumption, 
/c» = — 1, which gives k* = —A, ^ = —A* = 1, ;t* = ^, &c. 
And from all that has preceded, we deduce the following remark, 
which we have as much reason to suppose generally true, as instances 
can give. 

(73.) The functions j: -f- - and x have properties corresponding 

in all respects to the trigonometrical functions 2cos0 and 2 A: sin 0; 
and such that, under the following limitations, the properties of the first 
may be deduced from those of the second. If an equation which is 
true of tlie first functions, undergo substitution of the second for the 
first, then, if the result do not contain k at all, it is absolutely true of 
the second ; but if it contain powers of k it is never true of the 
second. Neverlhp.le.ss. it becomes true of the second, if for the sip.t of 
even powers of /c, namely, /c', /c*. A,*, &c. we substitute — 1, +1,' 
— 1, &c. and for the set of odd powers of /c, namely, A;, /c*, /c*, /c', &c. 
we substitute /r, — /c, -f/r, — /c, &c. ; in which case, the part inde 
pendent of A; on one side is equal to the part independent of k on the 
other, and the coefficient of A; on one side equal to the coefficient of ^ 
on the other. And the representative of x is cos -f fc sin 0, and 

also 6*^. 

Nevertheless, 2cos0 =: j; -f- is an impossible equation, except 

only when x := l,cos0 = 1. For, whereas 2cos0 is never greater 

1 1 

than 2, x 4-- is never less than 2. For, if jp 4-- were less than 2, 

X X 

x*-\-\ would be less than 2j:, or x^ — 2x-\-\y a s^t^are, would be 
negative. And, in fact, if we solve 



a: + - = 2cosd we find x = cos^± $J — 1 sind 

X 

X =: 2Asin^ gives x = ftsind± >/A^sin*d -f 1 

X 

which agrees in form with the preceding only when k^ := — 1. 

We have thus laid the foundation of the application of a more 
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abstruse analysis to the primary functions of an angle. We shall 
first consider the application of our formula to the solution of 
triangles, as it is called, that is, the determination of the remaining 
parts of a triangle, when enough are given to distinguish it from 
all others. 
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CHAPTER III. 

ON THE SOLUTION OF TRIANGLES. 

(74.) Let aU, fcU, cU, be the sides of a triangle, U being any given 
linear unit, and let A, B, C, be the opposite angles, expressed in 
degrees, minutes, and seconds. When one of the angles is a right 
angle, it is evident that the tables of sines, cosines, &c. are nothing but 
registers of the proportions of the sides of such a triangle. Knowing, 
therefore, any one side, and an angle, we look to the table for the pro- 
portion of the other side to it, preferring, of course, the logarithm of 
the proportion for convenience of calculation. 

(75.) The best tables in common use are those of Hutton, which 
may be procured of any bookseller. The arrangement by which the 
sine of 18°, for instance, is prevented from being again printed as the 
cosine of 72°, will be better understood by consulting the table (and 
remarking the description of the functions at the top and bottom of 
the page, and the reckoning in minutes downwards on the left hand, 
and upwards on the right) than by any explanation. 

But the following point requires some notice. In every mathe- 
matical table which contains both positive and negative quantities, 
there is such a liability to error in taking out the signs, that it is 
most useful, and almost necessary, to form the table in such a way 
that all shall have the same sign. Suppose, for example, that the 
following table was in frequent use. 

+ 6, +4, —3, +2, —10, —1, +8, —11. 

Now 12 being greater than any one of these, add 12 to each, 
which converts the table into 

-i-18, +16, 4-9, +14, +2, +11, +20, +1. 

Every result in this table is to be added; but 12 is to be sub- 
tracted whenever the table is used. There is always both an addition 
and a subtraction ; the sign of the table will not be liable to be read 
wrong, and the correction of the table is uniform — always a sub- 
traction. 
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The trigonometric^ tables consist of — sines and cosines with 
logarithins always negative — tangents and cotangents with the same 
sometimes positive and sometimes negative — and secants and cose- 
cants with logarithms always positive. The plan which is followed 
is to add 10 to every logarithm in the table, without exception : 

so that. 

True log. FA = Ta War log. FA — 10 

Tabular log. FA = True log. FA + 10 

For instance, sin 30o = ^ log., sin 30° = —-SOI 0300. 

In the tables we have, 10 — '3010300 or 9-6989700. 

(76.) The formulae for the solution of right-angled triangles, are 
as follows : 

Let C be right angle, cU the hypothenuse ; then we have, 




- ^ sinA := cosB 
c 



a 



T = tanA = cotB 



a = csinA = ccosB 
a = JtanA = JcotB 



c^ z= a^ + b^ b =z \/(c — a.c + a) 

But the following formulae should be remembered in words. 
side ^ hypothenuse into sine of opposite angle 
side = hypothenuse into cosine of adjacent angle 
hypothenuse ^ side by sine of opposite angle 
hypothenuse = side by cosine of adjacent angle 

side 7= other side into tangent of opposite angle 
side = other side by tangent oi adjacent angle 

(77.) The following are the cases which may occur, and the loga- 
rithmic equations for the solution (L sin, &c. mean tabular log. sin, 
&c. ; side, or angle, in Italics, means given side). 

1 . Given the hypothenuse and a side ; required the rest, 
log. remaining side = J (log. hj/p. -|- side -f log. hyp, — side) 
L.sin. angle opp. side := 10 H~ log* ^^ — log. hyp, 
angle opp. other side := 90° «— angle opp. side 
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2. Given the hypoUienuse and an angle ; leqoired the rest. 

log. side opp. angle = log. hyp. -f L. sin. angle — 10 
log. side adj. angle =s log. hyp, + L cos. angk — 10 
other angle = 90^^ angle 

3. Given a side and an angle; required the rest. 

Other angle = 90^ — ang/^ 

log. hyp. =3 10 4- log. tide -i> L sin /. opp. side 
log. other side = log. side + L tan Z. adj. side — 10 

4. Given the two sides ; required the rest. 

L tan. AN ANGLE := 10 4- log. ITS opp. side — > log. other side 
Other angle = 90° — the angle found 

log. hyp. = 10-1- log. A SIDE — L. sin. ITS opp. angle. 

(78.) There are two cases in which the sine and tangent of an 
angle are severally to be found ; from two equations of these forms 

sin A =s - tan A = 7 

c 

If in the first case - be very near unity (68.), use the equation 

If, in the second case, b be very small in comparison of a, use 

tanA — 1 a — b ^ ,» >ico\ ^ — b 

: — A-n = — n or tan(A — 46°) = — j-T 
tanA-|-l a-\-b ^ ' a+6 

When a side (6) is given and a very small adjacent angle (A), 
the hypothenuse may be determined by its excess above the given 
side (which is small) as follows : 

C — J = r — ft = ft ^ 1 — - = 26sin'--- very nearly. 

cos A cos A 2 "' ' 

(79.) Given the hypothenuse and the sum of the two sides; 
required the rest. 

(a + J)2 — c2 = lah = 2c«sinA.cosA = c«sin2A 

L. sin2 A = 10-1- log(a + ft + c) + log(a -|- ft — c) — 2k)gc 

Given the excess of the hypothenuse over a side, and the difierenoe 
(fi. the angles ; required the parts of the triangle. 
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Let c-6«A, A— B = M, A + B = 90°, 

. 90*H-M jy 90 — M , A.cosA „ 

A =: 5—, B = —, 6 = -— X &c. 

(80.) From the following table, in which all the parts of a right- 
angled triangle are given, any data may be chosen, and the preceding 
formulae Terified. 

c == 128^4327 logc = 2- 1086756 
ft= 66-1364 log J = 1-8204405 
a = 110-0951 logo = 2-0417681 

A = 69^ 0' 2r'-26 B = 30^ 59' 38' -75 

L.sinA = LcosB = 9-9330925 
Loos A = LsinB = 9-7117649 
LtanA = LcotB = 10-2213276 

(81.) We shall tiow proceed to the cases of oblique-angled triangles. 
Th« thfM ftoglM are connected by any of the following relations. 

l + B + C = 180** A + B = ISO*— C -■^— = 90° — ^ &c. 

n(A + B) r= sinC, cg8(A4-B) = — cosC, tan(A + B) = — tanC &c. 
Qi(A+B)s=cof|Cy cosi(A + B) = siniC, tan KA + B) = cot ji C &c. 
gain, sin'(A + B) = sin'A.cos'B-|-cos'A.sin*B + 2sinAco8AsinBcosB 
for cos' A and cos'B write 1 — sin* A and 1 — sin'B, which gives 
8in*(A 4- B) as sin* A + sin' B + 2 sin A . sin B (cos A cos B — sin A . sin B) 

But, 8in(A + B) = sinC cos(A + B) = — cosC 

or sin 'C s= sin' A + sin' B — 2 sin A sin B cos C 

Similarly, sin'B = sin'C + sin' A ^ 2 sin C sin A cos B 
sin' A =s sin' B + sin'C — 2 sin B sin C cos A 

A • ^ /A . r»\ . r^ Ian A -I- tan B 

Again, tan(A4-B) = — tanC = , — : — t-Z — 5 

^ ' \ I / 1 — tanA.tanB 

or tan A + tan B + tan C =s tan A . tan B . tan C 

(82.) Let pU, q U, and rU, be the three perpendiculars let hlY from 
the vertices of the triangle upon the sides aU, 6U, and cU. And 
let A', B', and C be the exterior angles of the triangle adjacent to 
A^ B, and C. Then, if A be an obtuse angle, there are right-angled 
triangles, having for hypothenuses 6U and cU, and for sides opposite 
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to A', r U and ^ U. If A be a right angle we have 6 s= r, and c ^g. 
If A be an acute angle, we have right-angled triangles having for 
hypothenuses b U and cU, and for sides opposite to A, rlJ and ^U. 
And the same of B and C. Again, A + A' = 1 80°, B + B' = 180°, 
C + C = i 80°, and we have 

p = 6 sin C or b sin C = 6 sin C, in both cases 
p = c sin B or c sin B' = c sin B, in both cases 

«ra . , ' ^ . -r* b sin B 

That is, sm C =s c sin B or - = . ^ 

' c sin C 

e,. ., , c sinC J a sin A 

Similarly, - = -: — r- and t = -: — b 

''' a sin A 6 sin B 

That is, any two sides are proportional to the sines of the opposite 
angles. This is the formula upon which all others relative to 
triangles will be made to depend. 

(83.) Divide both sides of the value of sin'C in (81.) by sin'C; 
substitute the ratios of the sides for those of the sines of angles, and 
we have 

1 = -J + -. — 2- . - . cosO 
c^ c^ c c 

or c« = a«+ 6«- 2aicosC, cosC = t^^r^ 



or 



Similarly, &« = c^ + a^— 2cacosB, cosB = — ^^7^ — 
a« = 62 -I- c*— 2 iccosA, cosA = — ^^^ 

2 oc 

These formulae may be readily deduced from the triangle itself, 
it being obvious thatp = 6sinC, and also that 

c2 = (JsinC)2 + (a - J cosC)* 

(Q4.) We now proceed to put the preceding expressions in a 
form convenient for logarithmic computations : 

(fl + Ma— c«— 2a6 (fl + 6)« — c« , 

cosO = -^^ ^ , = 5— r 1 

2ab 2ao 

Also cosG = ^ ^ , = ^-T r 1 

2ab 2ao 

l+eosC = (-^±^±%t*=i^ l-cosC = ^'+''-yi+'-°> 
^ 2ab 2ao 
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Let a + b-^c ^ 2s then a + 1-^0 = 2(^ — c) 

i + c — a = 2(*— a), c + « — 6 = 2(«— 6) 

Substitute these^ and also the values of 1 + cosC^ &c. which gives 

cos*- e= ^ , ^ Sin'— ^ ^ ~ ^ 

2 ab 2 ab 

Similarly cos'- :s -^ ^^ sm'- := ^^ ^ ' 

^ 2 ac 2 ac 

C08»- = -^^ — • sm'- = -i p ' 

2 be 2 be 

2 s(s— a) 2 «(a— 6) 2 <(»— c) 

• A 2V . ^ 2V . ^ 2V 

sin A = -r- smU = — sin (J := — r 
6c ae ab 

where V = >/ {« (5 — a) (s — J) (« — c)} 

A A 
This is derived from the preceding, by aid of sin A = 2 sin — cos—. 

sin A sinB sinC 2V 

a "~ 6 """ c "" abe 

l^csinA =s IcasinB = ^aisinC := V 

(85.) To reduce c* = a* + 6'— 2a6cosC to a form adapted for 
logarithmic computation, proceed as follows : 

^ €^ = (a + 6)«-2afi(l+cosC) 

Now, (« + 6)' — 4a 6 being Xfl — 6)' is positive ; therefore (a -f h^ 
is gjreater than \ab and 

r — —7^ and still more 7 — t-tt^cos'— is less than 1. 
(a 4-6)3 ^a ^ ^)« 2 

Compute the positive square root of the last expression, and find 
in the tables the angle of which it is the sine ; or find K from 

. _. 2\/a6Tcos \ C 

sinK = . , — 

a-\-b 

Then c^ = (« + 6)« |l — sin«K^ or c « (a -|- 6) cosK 
2. c« = (a— 6)« + 2a6 (1— cosC) 

G 2 
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Compute K' from tanK' = '^"^""^^ 

a— 6 



Then c^ = (a — 6)^ |l+tan»K'| 



c = 



cosK' 



sin A 



(86.) Lastly, r=^ gives (54.) and (81.) 

V Sill MJ 

a-^b _ sin A — sin B _ t an \ (A— B) _ tan H^— B 
fl-f6 " sinA + sinB "" tani(A + B) cot i C 



or 



tan ]^ (A— B) = 



fl-f 6 



cot i C 



(87.) The preceding formula are sufficient for our general purpose. 
We shall now proceed to different cases. 

The student may verify the methods as they are produced upon 
the sides, &c. of the following triangle : 

a = 15-236 logo = 11828710 «— fl = 3-098 log(«— a) = O-4910814 
b = 12-414 log^ = 1-0939117 «— 6 = 5-920 log(«— 6) = 0-7723217 
r = 9018 logc = 0-9551102 s— c = 9*316 log(«— c) = 0*9692295 

* = 18-334 logs = 1-2632572 V = 55*96866 logV = 1-7479449 

a+b = 27-650 log (fl+ft) = 1*4416951 a— 6 = 2-822 log(a — 6) = 0*45055 
6-f.c = 21*432 log(6-fc) = 1*3310627 6 — c = 3*396 log(6— c) == 0*53096 
fl-f c = 24-254 log(o+c) = 1*3847834 a-^c = 6*218 log(a— c) = 0*79365 



A = 
B = 
C = 

iA = 
iB = 
iC = 

KA-B) = 
KB-C) = 
i(A-C) = 

Ka = 
^5 = 
Kc = 

K' = 



a 

b = 

K' = 



le 



o / 

89 9 
54 33 
36 17 
44 34 
27 16 
18 8 
17 17 
9 8 
26 26 
44 41 

59 12 

70 57 
77 7 
59 56 

71 45 



23-54 
25-12 
11-48 
41-77 
42-56 
35 74 
59-21 
6-82 
6-03 
30-6 
50-4 
53-6 
15-5 
28-9 
50-9 



L. sin. 

9-9999530 
9-9109937 
9*7721922 
9-8462647 
9-6611649 
9 4933102 
9-4722989 
9-2007551 
9-6485379 
9-8471366 
9-9340361 
9-9755783 



L. COS. 

8-1679268 
9-7633479 
9-9063714 
9-8526583 
9-9487989 
9*9778520 
9-9798951 
9-9944564 
9-9520365 
9-8518083 

9-7091283 
9-5134140 
9*3408970 
9-6997390 
9-4954464 



L.tan. 

11*8320262 
101476458 
98658208 
9-9936064 
9-7123661 
9-5154583 
9*4924039 
9-2062988 
9*6965016 



10-6408380 
10-2375348 
10-4821746 



^\here; by K^ is meant the angle K of (85.), as obtained when a is to 
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be found, or from a^ r^h^-\-(^ — 2 5 c cos A. In the following table, 
pVy q\Jy and rU, are, as before, the perpendiculars on a, 6, and c, 
and a^U means the segment of alJ adjacent to 5U, &c. 

p = 7-347 logj) = 0-8661039 
q = 9*017 logy = 0-9550632 
r = 12-413 logr = 10938647 

a^ = 10006 log flj = 1-0002831 a^ = 5*230 loga^ = 0-7184581 
\ = 12-281 log6^ = 1-0892424 h^ = -133 logfc^ = 9*1230370 
c^ =s 8-835 \o^Ca = 0*9462189 c^ = -183 logc^ = 9*2618385 

In all the following article, a is the greatest side, h the mean, and 
e the least. Consequently, A is the greatest angle, &c. { } means 
that the quantity enclosed is the one found by the process ; all the 
others in it being given or previously found. 

(88.) First Case. Given the three sides, required the angles. 
Tint method, (6.) a^^a^ ^ fcs— c^ or («6— ac)a = (6 + c)(6 — c) 
log {«6 — «c} = log(6 + c) + log(J — c) — loga 
Hence, <?j — a^ is found : let it be h, 

log.cos{C} = logflfj — log J log.cos(B) = logflr^ — logc 

{A} = 180^-(B + C) 

This method is the shortest when all the angles are wanted, but 
should not be used (68.) when one of the angles is very small ; or 
one of the sides very small in proportion to the rest. When one 
angle only is wanted, use the 

Second method. To find A, use (84.) one of these, 
L.sin{i^A} = 10 + i (logs — h -\- log« — c — log 6 — log c) 
L.cos{iA} = 10 + Klog« + logs — fl — log 6 — logc) 
L.tan{iA} = 10 + i(logs — 6 + log s -c. c — log s — log(«— a)) 
{A} = 2 X iA 

(89.) Second Case. Given two sides {a and 6, a the greater), 
and the included angle C ; required the rest. 
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Firtt method. When both the other angles and the remaining 
tide are required, uae 

L.tan{|A— B} = log(a — 6) + L.cotiC — log(fl -f ft)* 
{jaTb} = 90«— iC 
{A} = KA4-B) + KA-B) {B} = KAH-B)-i(A-B) 
log |c} = L.sinC + loga^LsinA + 

Second method. When the side only is required (85.), use either 
of the following : 

L,sin{K} = Kloga + log6) + log2 + LcosjC — log(a + ft)) 

log {c} = log(a + ft) + L.cos K — 10) 

L.tan{K'} = iOog« + log^) + ^og2 H-L.sinjC — log(a — ft)) 

log{c} = log(a — ft) + 10 — L.cosK'j 

Third method. When the given angle is very nearly 180^, let it 
be 180^ — C/, where C^ is small ; we have then 

c* «: «^+ft»— 2«ftcos(180°— C,) er a«+ ft* + 2tf ft cosC, 
= (a + ft)«-4flftsin»iC, = (a^by^t^j^^^^um* iC^ 
By the binomial theorem \/l — x := l^}x nearly, x being small 

c = (« + 6)(l-^,.sin.jC,)=a+6-2^sin.iC, 

very nearly. But sinC^ &= 2sin}C^.cosiC^, or cos^C^ being 
very nearly 1, we have 

sin ^ C^ = ^ sin C,, sin* J C, = J sin* C^, very nearly: 

, , - aftsin'C. , 

C ^=i a + O'^ jl , . ^ veiy nearly 

log {A} = 2 L sin C^ + logo + logft — log(fl + ft) — 20 

c = a + 6 — i* 

Fourth method. When ft is very small compared with a, and the 
small angle B is wanted, we have 

a tin A sin (B + C) ^ , ^ r» • r. 

s- = -T-^r = — ^. ' — ^ = cos C + cot B .sin C 
ft sm B sm B 

* 10 is not added here to give the tabular logarithm, because L. cot 
is already too great by 10. 

f The excess of the Qne tabular log. compensates that of the other. 
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COtB = 



a^ icosC 



tanB = 



5sin C l> . r% 

— 6cosC a 



6 sin C a 

very nearly ; heDce b is readily founds very nearly. 

(90.) Third Case. Given mo sides and an angle not included^ 
required the rest. 

It can be shewn immediately that this is a problem of the second 
degree, admitting sometimes of two solutions. Let a and 6 be the 
given sides^ B the given angle ; we have then 

6« = a« + c2 — 2accosB 



or 



{c} = acosB ± \/62— a^sin^B 

(n) csinB (a) asinB 



sm 



1. There is no such triangle at all when h is less than asinB. 

2. Only positive values of c must be taken, for a negative value 
of C would give sinC negative, or C greater than two right angles, 
which is impossible in a triangle. The roots of the equation are 
both positive {Algebra^ p. 139.) when a*— 6' is positive, or a greater 
than h ; in this case there are two triangles satisfying the conditions 
in question. When a =s 6 one triangle disappears, for then one 
value of c is 0; when a is less than 6 there is only one solution. 

The geometrical construction will also shew this. Lay down 
the angle B equal to the given angle, and take PQ =s aU. With 




centre P and radius PY = 6U describe a circle, then, if 5 U be less 
than PR or asinB.U, there is no such triangle ; if 6U = asinB.U, 
there is a right-angled triangle Q PR, under the given conditions; 
if, PY being greater than PR, it be still less than PQ, there are two 
triangles, QPX, and QPY, satisfying the conditions. But if PY 
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be greater than PQ there is only one such triangle, QPV, for the 
triangle QPZ obTiously has not the given angle, but its supplement. 
For logarithmic solution, proceed as follows : 

L.sin^A} z= loga + L.sinB — log6 

Here (50.) are two angles which satisfy the conditions ; one less 
than a right angle, which call A^, the other A^^ or 180° — A^, greater. 

Or it may happen that a may be greater than unity, in which 

case L.sinA will be found greater than 10, or log. sin A positive, 
and there is no such angle. In the case where this does not happen, 
we proceed as follows : 

Either {C} = 180°-A,-B or 180-A,-B 

Or C,= 180-4-B C,= A,-B 

if A^ be greater than B ; for otherwise, C,, is negative, and is here 
inadmissible. Consequently, the two values of e being e, and c,^ 
we have, 

_ 58inC, _ 6 sin (A, 4- B) 5sin(A,— B) 

^' "" sinB •" sinB ^" * sinB 

*^{^/} = logfc + l'Si'^C, — LsinB 

log{c„} =a logft + LrinC,,— LsinB (if C,, be positive) 

(91.) Fourth Case. Given a side and two angles; (aV the 
side), required the rest. 

{Third angle} =180°— (sum of given angles) 

log& =s loga + LsinB — L sin A 

logc =: loga + LsinC — LsinA 
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CHAPTER IV. 

ON TUB EXTENSION OF THE MEANINGS OF SlTMBOLSi AND ON 
THE SQUARE ROOTS OF NEGATIVE QUANTITIES, 

(92.) We haye as yet explicitly used only two different kinds of 
symbols: those of quantity ^ specific and general (arithmetical and alge- 
braical), and those of operation; specific, as -|- ^> &c« and general, 
y, 0, &c. {Algehrttf p. 203). But we are not therefore bound never 
to use any other symbols; the only laws by which our right to 
such aids is limited, are the following. 

1. Neither the symbols themselves, nor any expressions in which 
they are used, must have different meanings of any such kind, such 
that the consequences of one meaning may be confounded with, and 
used for, the consequences of another. 

2. The consequences of all assumptions must follow logically 
fi-om the assumptions themselves. 

It therefore becomes of interest to consider in what other possible 
ways we might use symbols. And first it must strike us that all yet 
employed may be styled under one name, more general than either 
operation or quantity. They are, in fact, symbols of discrimination 
or distinction. Thus, in a, 6, and c, in which the symbolic difference 
is only difference of shape, that circumstance is made the distinction 
between difference of numerical magnitude. In + and — the same 
distinction, namely, of form, is made that of the direction given, as to 
which of two fundamental operations is to be performed. In ah 

and J- we see that difference of position, with the employment of a 

new, and not altogether necessary, symbol, is the distinction which 
implies difference of operations. 

(93.) Let us now look at the extension of arithmetic into algebra, 
not confining ourselves to the notion of operation or quantity, but 
generalising our idea of symbols to that of mere discrimination ; the 
object being to consider, whether, in this point of view, extension is 
po$8ibky preliminary to the further question of whether it is advisable. 
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Looking narrowly at the steps by which we ascended (^JJgebrOj p. 57. 
and 1 10.)y we see that, so far as the discriminative quality of the sym- 
bols is concerned, we found the following consequence of our funda- 
mental and arithmetical definitions of + — > &c* namely, that (M 
rules were sufficient to expreu new distinctions consistently with the 
old distinctions ; in such sort that, whenever the new distinctions dis- 
appeared, the result was a legitimate consequence of the older notions, 
such as would have been obtained if the more circuitous method had 
been adopted, to avoid which the new distinctions were introduced. 
For example, when we came to the expressions a + (+^) suid 
a •{-(—> 5), which have no meaning under tlie original meaning of 
-f and — , we bad extended our ideas to the following question. 
The distinction between a magnitude of any one kind and its dia- 
metrically opposite, being denoted by *6 and If 6, if there occur a 
case of a problem in which * b requires to be added to a, what will 
the similar problem require, in which If^ is used where *b was used 
in the other. And we found, 1. That where *b requires addition, 
IF 6 requires subtraction. 2. That -fa and —a would themselves 
consistently express *a and If a, provided that the rules appertaining 
to the original meaning of -i- and — , and no othen, should be 
also applied to them in their new and distinctive capacity. And 
we also found that the disappearance of + and — , in their new 
character, was accompanied by the disappearance of all traces of the 
new distinctions ; or that all theorems which in any case took the old 
forms only, were true under the old meanings. The old algebra 
(general arithmetic) was, in every sense, part of the new one. 

(94.) Now, this we shall lay down as the restriction under which 
any further extension is to be made ; namely, that all theorems at 
present existing, are to be theorems which are true, whenever they 
are the consequences of any further extension ; and true in the sense 
in which they exist at present. We might propose infinite numbers 
of changes of meaning, under which some theorems would remain true, 
but in which others would not be so. For instance, if x placed 
between two quantities, were made to signify that their sines (not the 
numbers themselves) should be multiplied together, then (61.) 

axa — bxb = (fl + 6) x(« — i) 

would be true ; but ax26 = bX2a would not be true. 

(95.) There might arise cases in which the answers of problems 
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could not be expressed without more power of symbols than is pos- 
sessed at present. For instance, will any one undertake to say, that of 
all possible problems, there is no one of which the answer is as follows : 
Divide 6754321 by 12, in the common way, with this exception, that 
whenever the remainder is an even number, it is to stand, but when- 
ever it is an odd number, it is to be increased by 1, if the preceding 
remainder were even, and diminished by 1 if odd. The answer to 

this question would be, 

12) 6754321 

570367^ 

but no symbols, at present possessed, would describe the operation. 
Again, if we ask what is that expression which, when x is positive, 
is x^y but when x is negative, \s x^l This cannot be expressed by 
present symbols; and the same may be said of many imaginable 
results. So much for the possibility of further extension, or a new 
symbol of distinction ; the next question must be, is it wanted, and 
can it be made ? 

(96.) When the earlier algebraists first began to occupy themselves 
with questions expressed in general terms, the difficulties of subtrac- 
tion soon became obvious, inasmuch as the greater would sometimes 
demand to be subtracted from the less. The science has been brought 
to its present state through three distinct steps. The first was tacitly 
to contend for the principle that human faculties, at the outset of any 
science, are judges both of the extent to which its results can be 
carried, and of the form in which they are to be expressed. Igno- 
ranee, the necessary predecessor of knowledge, was called nature ; 
and all conceptions which were declared unintelligible by the former, 
were supposed to have been made impossible by the latter. The first 
who used algebraical symbols in a general sense, Vieia, concluded 
that subtraction was a defect, and that expressions containing it 
should be in every possible manner avoided. Vitium negationisy was 
his phrase. Nothing could make a more easy pillow for the mind, 
than the rejection of all which could give any trouble ; but if Euclid 
had altogether dispensed with the vitium parallelorum, his geometry 
would have been confined to twenty-six propositions of the first book. 

The next and second step, though not without considerable fault, 
yet avoided the error of supposing that the learner was a competent 
critic. It consisted in treating the results of algebra as necessarily 
true, and as representing some relation or other, however inconsistent 

a 
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they might be with the suppositions from which they were dedaced» 
So soon as it was shewn that a particular result had no existence as a 
quantity^ it was permitted, by definition, to have as existence of 
another kind, into which no particular inquiry was made, because the 
rules under which it was found that the new symbols would give true 
results, did not differ from those previously applied to the old ones. 
A symbol, the result of operations upon symbols, either meant quan- 
tity, or nothing at all ; but in the latter case it was conceived to be a 
certain new kind of quantity, and admitted as a subject of operations, 
though not one of distinct conception. Thus, 1—2, and a — (a + 6), 
appeared under the name of negative quantities, or quantities less than 
nothing. These phrases, incongruous as they always were, main- 
tained their ground, because they always produced true results, when- 
ever they produced any result at all which was intelligible : that is, 
the quantity less than nothing, in defiance of the common notion diat 
all conceivable quantities are greater than nothing, and the square root 
of the negative quantity, an absurdity constructed upon an absurdity, 
always led to truths when they led back to arithmetic at all, or when 
the inconsistent suppositions destroyed each other. This ought to 
have been the most startling part of the whole process. That contra- 
dictions might occur, was no wonder ; but that contradictions should 
uniformly, and without exception, lead to truth in algebra, and in no 
other species of mental occupation whatsoever, was a circumstance 
worthy the name of a mystery. 

Nothing could prevail against the practical result, that theorems 
so produced were true ; and at last, when the interpretation of the 
abstract negative quantity shewed that a part, at least, of the difficulty 
admitted of rational solution, the remaining part, namely, that of the 
square root of a negative quantity, was received, and its results 
admitted, with increased confidence. 

(97.) The complete explanation of the embarrassing circum- 
stances is comparatively modem ; the latter arise from a very simple 
logical misconception, the assumption of the truth of a converse, 
namely, tlutt if B follow from A, B follows from nothing else but A ; 
or if A always yield B, B when it appears, must have been produced 
from A. We can imagine a,6,c, &c. -f, — , x > &«•> defined in many 
different ways, so that certain of the theorems of algebra should 
severally be true under more than one set of meanings ; and we have 
shewn an instance in page 72. We can fiirther imagine it possible 
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that one set of meauiDgs should be so connected with another, that all 
theorems which are true in the first, should also be true in the second, 
and that, beside this, there should be other classes of theorems which 
are true in the second, but not true in the first. This is as possible as 
that one figure should be entirely contained in another, without filling 
it. We might thus conceive a succession of extensions of definitions, 
giving a series of sciences, each containing the whole of its predeces*> 
sors, and more. Whence it is clear, that if the methods of operation, 
under anj science, wandered beyond its limits, without that corre- 
sponding extension of definitions being made which converted the logic 
of one science into that of the other, the consequence would be, the 
appearance of some of the symbolic means of expressing truths in the 
wider science, without the key to their interpretation. This happened 
when we first came to the negative symbol in algebra {Algebra, p. 12), 
and we were under the necessity of adopting more extensive defini* 
tions. The proof of undue extension in the operations again occurred 
(p. 110.), where >/— 1 first appeared ; but it was not then necessary 
to follow up the exteneions necessary for its elucidation. 

This matter is one of difiiculty to a beginner, unused to the idea 
of a finished language having the meanings of all its terms extended 
so that the old meanings are only part of the new ones. But, in 
reality, he has gone through the process, by insensible steps, in his 
childhood.* Let him compare the first impression he was made to 
receive by the words ** I see,*' with the sense he puts upon the phrase 
when, if he understand the preceding, he says he sees my meaning. 
That which I here call the extended use of the term, he will call the 
allegorical or metaphorical mode, that is, if we translate these Greek 
terms, the other-speakings or transferred mode of expression. But 
in what way is the speech changed ? By using the word to " see,*' 
not only as denoting perception by the eyes, but perception by the 
understanding in any way whatever. If we heard any one speak, we 
might still see his meaning. 

(98.) Let us consider the most general meaning of any funda* 
mental equation of algebra : for instance, a -^ b :ss b •{- a. We restrict 



* The similarity of the views here given, with some in the review of 
Mr. Peacock's ** Algebra," in the ninth volume of the " Journal of Edu- 
cation/' makes it necessary for the author to state that he was also the 
writer of those articles* 
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ourselves to this only, that b and a, and •{-, mean the same thing in 
both places, that ^ denotes, gives the stune result as, or is the same 
in effect as, and that the order of the expression is from led to right, 
that is, on the first side we first examine a, and b on the second side. 
Then a •\-b merely implying that something, 6, is done in some 
manner, -fy ^^^ something else, a, has been done ; the above 
shews no more than that it is indifferent whether a is done first or 
b, or that the result is the same in both cases. Consistently with 
a-\-b^ b-\- a, many meanings might be shewn to be impossible, 
and many possible. Neither need a and 6 stand in any way for 
quantities : for instance, the preceding would be true if a stood for a 
line not considered as a length, b for another line, + ^or the formation 
of a rectangle out of a and b, and = for equality of space enclosed. 
The preceding relation may therefore be a truth under an infinite 
number of different meanings. Let us now take another form, 
a 6 = ba, which admits of exactly as many meanings as the first, 
and denotes merely indifference of order. Suppose we pick out two 
such meanings at pleasure, and assign them, only requiring that 
a and b shall mean the same in both relations. We then have defi- 
nitions for a, by + And the meaning of juxtaposition ^ and have ex- 
plained a + 6 ^ 6 H- a, and a 6 = 6 a, from which it follows that if 
-f, as defined, will intelligibly apply to a 6, we have a b-^b =s 64-06, 
&c. But if we would have our new algebra identical with the old 
one in forms, we must choose such meanings for the symbols in the 
two relations as will also make 

a(a-f6) = aa-faJ represent a new truth. 

This is a restriction upon all the possible allowances of meaning 
which might be made : for it does not follow that every meaning 
which makes a -|- 6 s= 6 -|- a, and a 6 = 6 a, true, also makes the 
last true. And other relations might be introduced which would still 
more restrict the meanings, and so on, until every fundamental 
relation necessary to algebra had been considered. If we could 
really collect all the possible meanings of each separate relation, and 
find the method of ascertaining which must be struck out for each 
and every new combination which the mechanism of algebra intro- 
duces, we should, if we could classify the remainder uniting those 
which are particular cases of a general meaning under their general 
head, be left with an algebra in the widest possible sense of the word. 
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We do not toant to change operations ; but we want to find all the 
definitions tinder which those operations will demonstratively enable us 
to pass from one truth.to another, 

(99.) Two explanations may be given of the manner in which V — 1 
may rationally be used ; the first purely symbolical, that is, employing 

\/— 1 as a symbol, the meaning of which is given for convenience 
only; the second derived from geometry, and an extension of the 
method by which lines measured in opposite directions are repre- 
sented by letters with different signs. The first is wholly algebraical ; 
the second (for a reason which will afterwards appear) is an appli- 
cation of geometry to algebra. 

Let /c be a symbol which does not stand for quantity, but for a 
distinction, in whatever way it may be required to distinguish ; that 
is, ka and a both stand for the same magnitude, but the first has the 
mark of either being used in a certain way, or appropriated for 
certain purposes^ or liable to be rejected under certain circumstances, 
or whatever other distinction k may indicate. When two separated 
terms are multiplied together, as A a and kb, let the product be 
written J^abf in which k* merely implies the presence, in a product, 
of two terms which had the mark of distinction. Similarly, k^a c is 
the distinction of a product made up of three terms which had the 
distinction, and so on. Let k^a + b) be the distinction between 
a -{-b and ka + kb, and so on. We are at liberty to assign to k any 
discriminative power we please. Let it be as follows : /b is to be a 
distinction which ceases altogether in terms marked with k*, k^, A;", 
&c. or /c*", and with ft-*, k"^, k"^^, &c. or /c-*", and which is 
preserved in fc*, /t', ft'^, &c. A;-*, A:-7, ft-^i, &c. or in ft4»»+i where 
n is any whole number positive or negative. And let k^, Al*, A;*", &c. 
ft""*, k^^y k" 10^ &c. be distinctions amounting to a change of sign 
in the terms denoted by them ; so that if for k^a we write —a, the 
object of the distinction is fulfilled, and the term need no longer be 
distinguished. Let A:*, ft^, A;", &c. or A;-i, k^^y A;-^, &c. imply both 
a change of sign and also the contmuance of the distinction denoted 
by k; so that T^a means — fto. We have then defined every thing 
except k itself, by the following identities ; 

A**a means a, A^^+^o means ka, 
A^^+^a means —a, k^^'^^a means — Aa 

And thus every algebraical expression, when its distinctions are all 

H 2 
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marked, is reducible to the form P + A; Q where P and Q are alge- 
braical. Thus, 

Now k itself is to have meauing as follows : in the equation 

let the presence offc indicate that equality will still remain as well 
between the parts independent of k, as between those affected by k. 
If we had merely P + Q = F + Q' it would not at all follow that 
P ^ Q and P' := Q' : but when we mean to make this additional 
supposition, let us signify the same by the presence of k. 

Now, it will be obvious upon looking from (70.) to (73.) tliat 
we have here only made a notation to express distinctions which 
have been actually arrived at by process of reasoning. We found 
a method of embodying all the results previously obtained, of this 

kind : 2cos0 cannot be j: +-; but if we work in any manner with 

X 

X +- and J7 — -, and produce an equation, then that same equation 

will correspond to one or two true equations, if we work in precisely 
the same manner with 2cos0 and 2 /c sin 0, and then let k have its 
discriminative powers. And we shall then find that the result is 
the same as if 

1 1 

2 cos n ^ had taken the place of x*^ + -^ and 2 fesinwd of a;** • - 

When none but even numbers of /cs occur, it is obvious that 
the result can be only one equation of the form P = P'; but 
when odd numbers of /cs also occur, the result will be of the 
form P-i-ZcQ = p'^ftQ', giving two equations, P = P, and 

Q = Q'. 

(100.) Next, observe that the algebraical symbol \/ — 1, which 
is certainly no quantity, positive or negative, and therefore not to 
be reasoned upon as a quantity, yet has this property, that if those 
rules be applied which would have been applied had it been a quantity, 
the results will be expressive of the distinction denoted by k. For in 
that case we have 

V~l is V^^; (V:=T)«is-l; (V^)^is-N/=T; 
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Again, 

&c. from which the coincidence is apparent. Therefore, by making 
V — 1 the symbol of the distinction meant by /c, all the remaining 
distinctions will be drawn by applying the common rules of algebra 

to V — 1 as if it were a quantity. 

When in (71.) we began to compare cos0 -f ft sin with 6*^, we 

were also, in feet, comparing it with 1 •\- kO + k^ -^ •{- . . . ., or (if 
we apply the meaning of ft) with 

^ 2 ^ 2.3.4. + •••• + '^ V 2. 3 + 2.3 4.5 + •-/ 

Now, if the method of proceeding be valid, which extends the 
distinctive property of ft to the developement of g*^, then 

cos^ + ftsin^ = I — -4- .... -f ft^^— _. -f .... J 
or cos^ = 1-1+ ^ - 2.3.r.5.6 "^ "" 

. , _ , e» , ^ ei 

^^"^ — ^ 2.3."*" 2.3.4.5"" 2.3.4.5.6.7 "*" •••• 
(101.) We shall now go through a strict deduction of these equa- 
tions, which will shew that what we have done would, had we seen 
how, itself have been one. It is evident that 

which amounts to 

cosO, sin 9 = sinO 
Square both sides, which gives 

(cos0-f ftsinO)* = cos«eH-ft.2sin0.cos0 + ft»sin«0 
= cos'0 — sin'0 4-ft.2sin0.cose = cos20 + ftsin20 

Generally, if cosnd + ft • sinn© = (cos -f ft sin0)'> 

cos0 + ft8in0) and cosn9,cos9 1 ,f cos»0.sin0 

.« • n • /.r+M^ • /I ^ = (cos0+ftsine)n+i 
+ ft'sm»0.sin0j \ + smn0.cos0 ^ ^ 

or cos(n-\-t)e -f ft .sin(?i + i)e = (cos0-f ftsin0)«+i 

So that this relation, if true for one whole value Of n, is true for the 



cosO + ftsinO = cos0-fftsm0 < 

I cos9 =s ( 
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next. But it is true for m ss 1 aod m ss 2, therefore it is true for 
all. Tliis is called De Moivre^t Theorem. 

De^elope the second side, substitute the meanings of l^y h^, &c., 
and form the two resulting equations, which will be found to be 

2 2 9 4 

2 o 2 3 4.5 

where c means cosO, and s, sin0. Divide both sides by c**, and put 

c n 1 

t (tand) for -; at the same time divide and multiply n, n , &c. 

s ^ 

by a power of n of the same number of factors, which gives 



ft ft ft 



COSnO , ^""n 1 — -1— -1— - 



c« 



= 1 ^(nty+^^^ (nt/ 



,l,a .1,2,3.4 

c» 2 3 ^ ^ ~ 2 3 4 5 ^ ^ 

which is true for all whole values of n, and all values of 9. Now, 
consider all those whole values of n, and values of B, wbidi make 
nO ^ Xy a given angle : whence (^Algebra, p. \57.) the limits of the 
two sides of each of the preceding, made by increasing n without 
limit, will be equal. We proceed to find these limits. We have 

(j.\it 12 3 

cos - ) the limit of which (70.) is 1 : -, -, -, &c. the 
n/ ^ ^ n n nr 

X f X x\ 

limits of which are severally 0; nt or 91 tan- or jr( tan- -f- -j 

the limit of which (48.) is j: x I, or x; and n0, which is x 
throughout. 

Take the limits of both sides, which give 
cosa? = 1 — - -f 



2 2.3.4 the theorem in 




sinar = 3?- — 4- "^ - &c. I q^»t">"' 
2.3 ^ 2.3.4.5 ^ J 

Hence we have 

cos^ -fftsin^ss 1— 2 ^" '• "^^v""o^^" ••••^ 

2 ' 2.3 ' 
if we abbreviate the preceding series into the formula of which it 
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would be the algebraical deveIopement> if k were a quantity. We 
shall now adopt the symbol V— 1 for k, which gives (for all values 
ofO) 

cose H- sin 0,>/irT = g^v^ 

For e write— e (44.) cosO — sin0.vd7 = B"^^^^^ 

cosd := sin tf = ■ 

2 2 

that is, if we develope the preceding exponential expressions, paying 
attention to thedifference of developeraent denoted by ^/ — 1 , (V— l)^ 
&c. we shall arrive at series which we have shewn to be the deve- 
lopements of sin and cos 9. 

(102.) Some marks of distinction are definition, and all the rest are 
consequences. Thus s^^ has k a symbol of distinction ; but it does 
not mean /b.s^, but cos0 -f A^sinO. And there are some results which 
when enunciated as if \/— 1 were a quantity, are yet more incon- 
ceivable than less than nothing, in an arithmetical sense {Algebra, 
p. 62.) For instance, calling kO the logarithm of s ^ we have, 
making 9 s= 2nir, n being a whole number (cosd = 1, sinO = 0) 

thus 1 has, under our present extension, an infinite number of loga- 
rithms, corresponding to all whole values of n, positive and negative, 
namely, 

... — 2flrV^, — flfV — 1, 0, ff\/iri, 2^V^, . 
among which the arithmetical logarithm is found, namely, 0. Simi- 
larly we may deduce 

g(2n + l)ir^^^ _1 log(-l) = (2/l4-l)^V3T 

Let X be the arithmetical logarithm of y, then we have 

or all the values of w-\-2nir'y^^ are also logarithms of y. The 
theorem log a -flog 6 = log a 6 now exists in this form : if any loga- 
rithm of a be added to any logarithm of 6, the sum is one of the 
logarithms of a 6. Thus, if log. a stand for the arithmetical logarithm 
of a, and xa for its general logaritlim, we have 

Xa-fX6 = logaH-2flr/i V^ H-logft -}-2*wV-rT 
5= log(a6)-f 2flr(n4-n')V^ = Xa6 
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Let us denote g""* '^^-i by [x] for the present. Then we have 
[nx] = [xT, ix + 2p] = [xl [2p] = 1 

where n and p are whole numbers, positive or negative. The mth 
roots of unity are 

Let us consider the case of in ^ 8. Then the powers of [O] are 
severally = [0], and never produce more than one root. The 
powers of [2-f-8] are as follows: 

[!]• [a- m- [I] =->•[!]•[¥]•[¥].[¥>'■' 

or all the roots are produced in order. But the powers ^M o I ^^ 

^•[i]— •[¥]•[!] -''[f]=ca - 

and there is a continual recurrence of half the roots only. The 
powers of I o are 

[I] = m [I] = G]. Cf] = [¥]. 

I — I = 1> followed by recurrence. 

Here again are all the roots. Those roots, whose powers give all the 
roots of their kind, are called primitive. It is enough for our present 
purpose to know that there is one primitive root of any order. 

(107.) The roots of -f V— 1 and — V^^ may be now obtained. 
For we have 



(>/3T)'" = s *"• ' (_ VITT)" = s »» '^ 

which may, as before, be shewn to have m values only. 
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To take an instance for verification : tlie cube roots of +>/ — 1 



are 



1 1 I 5 5 . 9 9 -— — 

^8^* + sin-TV — 1 cos-cr + sin-cr V — 1 cos-cr 4-sin-<r v — 1 

O' t) t) o o o •■ 

2 2 2 2 

s/3 + ^ n/^TT)' = 1(3 ^3 + 9^31- 3^3- Vlll) = Vm 

(_v3i)'= v/^r 

(108.) Having shewn that the rules which woiM apply to >/ — 1 
if it could be considered as a quantity, will of themselves make all 
the necessary distinctions between the formulae of common algebra, 
and the shape in which they become formulae of trigonometry, we shall 
now proceed to the second method of explanation, or rather to the 
method of application, which shews the geometrical meaning of the 
symbols in question. As a starting point, we return again to the 
method of explanation of the negative sign. In looking at a + ( — h) 
we found that the sign -f- no longer preserved the meaning of 
arithmetical addition, while the quantity operated on, — 6, was no 
longer simply a number, but a number with a sign of direction. 
We might apply the preceding method of explanation to the passage 
from arithmetic to algebra. In this case ka would signify a dis- 
tinction of this kind; terms having ^^, A;^, &c. are all to be of one 
kind, unmarked, while terms having /:, }^y h^, &c. are all to be of 
another kind, marked with the distinction k. If we adopted this 
signification we should soon find that all theorems which are true 
when the distinction k means nothing, and may be entirely abolished, 
are also true when the distinction k means simply change of sign, 
if it he arithmetically allowable. And it would also be found that 
were it allowable to consider — 1 as a quantity, the rules which 
would apply to this latter symbol are precisely those by which the 
necessary distinctions would be drawn in the course of the process, 
without any particular attention. We might thus dispense with 
subtraction at the outset, and establish all theorems in which arith- 
metically additive terms only occur. And subtraction might be 
introduced in time by means of a distinctive symbol. We cannot 
make this an illustration for a beginner, because to place it on the 
same footing as the subject of (73.)> we must require him to imagine 

I 
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liimself divested of some of his most simple notions, and thereby 
reduced to learn things which now are axioms, by a long process of 
reasoning. He must conceive himself unable to form a distinct 
notion of subtraction, other than the inverse of addition ; that is, 
though the notion of taking away that which he himself has just 
added may be simple, yet the idea of instituting a subtraction inde- 
pendently of any previously expressed addition, must be one to be 
learnt with some difficulty. If this were the case, we could make 
the use of a distinctive symbol facilitate the acquirement of the 
general operation of subtraction ; as it is, the last-mentioned process 
is one of which we have a clear idea, independently of addition. 

(109.) We found that the interpretation of a negative quantity was 
a magnitude taken in precisely the opposite sense and meaning to that 
which we imagined, when we applied arithmetical process to the 
determination of that magnitude. And the afiairs of life contain so 
many such interpretations that the extension looks natural; so natural 
indeed, that many have drawn a great distinction between the nega- 
tive quantity, and the square root of the negative quantity. Of this 
the application of the term impossible to the latter symbol only, is 
a sufficient instance : both are impossible, according to arithmetical 
notions, but the latter only has received the name. There is hardly 
a phenomenon in nature, or a relation of life, which does not admit 
of the modes of neutrality, excess on one side, or on the other. Where- 
ever there are two opposite?, with a state between them which does 
not belong to either, we have the means of illustrating the terms, 
positive, nothing, and negative* Without specifying what we are 
speaking of, it would at once be granted that where the establishment 
of one state of things would cause increase, that of the opposite state 
would cause diminution, and that of the neutral state neither increase 
nor diminution. If we consider time as divided into before, after, and 
at; pecuniary relations divided into those of debtor, creditor, and 
neither debtor nor creditor; a balloon with weights, as either rising, 
sinking, and neither rising nor sinking; electricity as producing 
attraction, repulsion, or neither attraction nor repulsion, &c. &c. we 
have the same common modes of existence : and in all the cases we 
have mentioned, no others whatsoever. It is in considering space only 
that we have these modes, and others, as follows : 

(110.) As long as we consider ourselves at liberty to change the 
position of a point in a given straight line, and in that straight line 
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only, we have the three modes already considered, and no others. 
The point P may lie on one side or the other of a standard point O, 
given to measure from, or it may coincide with the point O. Let our 



notion of space be contained in length, and we pass with perfect con- 
tinuity from P to Q, by continually diminishing OP, until P coin- 
cides with O, and then continuing the motion of P on the left. We 
have here perfect analogy with all the other kinds of quantity which 
we can conceive. Let O represent the commencement of the Christian 
era ; take an inch to a year, and we have the means of making a table 
of all conceivable modes of time, and by laying down points corre- 
sponding to different events, we might reduce chronology to a science 
of feet and inches. JBu^ifwe allow all space to enter the question, 
we may bring OP into the position OQ without diminishing its 
length, by turning it round through two right angles. And if we now 
consider the first passage from P to Q, relatively to the new notion 
we have introduced, we see direct discontinuity. The line O P always 
continues making an angle nothing* with its first position, until P 
coincides with O, when O P is not a line, and the idea of opening, 
actual or possible, ceases altogether : immediately afterwards, O P, 
now become O Q, makes two right angles, or half a revolution, with 
its first position. But it might have made this at two steps of a right 
angle each, or at four of half a right angle each, &c. &c. Conse- 
quently, in geometry, we can pass from positive to negative by an 
infinite number of gradations, but which, as yet, we have no means 
of noting, though tlie conception is clearly attained . 

Now let us try to extend our notion of chronology in the same 
manner. Let O denote the commencement of the Christian era ; let 
years A.C be measured to the \eh in inches, and A.D to the right. 

* The student must carefully distinguish between no opening where 
opening might have been, and no opening because opening is inconceivable. 
And this distinction must be made throughout the mathematics. Our 
language wants a phrase to distinguish between the nonexistence which 
arises from incoherence of ideas, and that which is not, but might have 
been, the case. 
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We can easily say what point of time P represents^ or where P should 
be in order tliat it might represent any given event. But what is the 
answer to the question. What point of time does R denote ? This 
question is wholly unanswerable. All the time we can form a notion 
of, is already expressed on one side or other of O ; there remains no 
idea of time answering to the point R. We have no idea of time 
except quantity of duration : we have two ideas of a straight line, 
quantity of lengthy and direction, 

(111 .) We see then, that in preparing an algebra for geometry, we 
are making one which will be more than we can apply to any thing 
else. But we shall carry on our geometrical algebra, and then shew 
that, by a process of pure reasoning, which contains no assailable 
point,* we can use this method in all other sciences. 

Let all lines be considered as having direction as well as magni' 
iude, and both essential to their definition ; so that two lines shall not 
be called equal, unless they be in fact equal and parallel. lines of 
equal length in different directions are to have distinct symbols, and 
to be different things. Let there be only one direction of revolution 
(for the pres3nt), namely, from OA through OA', a direction, OA, 

AG 




having been chosen which is to be permanently that of positive quan- 
tity, or that in which a line is to be expressed by its simple symbol 
aV, where U is the linear unit, and a the number of linear units, or 
(if the student think he comprehends the phrase), the symbol for the 
ratio of the line to the unit. Consequently,, a line measured m the 
direction O A'' has such a symbol as — aU, supposed to be already 
understood. Call O A .... the line of arithmetic, which is part 

* When I say this, I mean that all the objections which have been 
made relatively to negative and impossible quantities in the usual sense» 
right or wrong, have nothing to do with the reasoning which will ba 
employed^ 
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of ... . A"0 A .... that of the algebra of positive and negative quan- 
tities. In this line the meaning of -f and — is fixed by all that has 
preceded in ordinary algebra ; but as relates to lines not coinciding 
with O A or OA", nothing must be conceived to have been yet laid 
down. The meaning of -f ^^^ — remains to be determined, subjec 
only to the law qfextensiony that all the limited meaning is to be con- 
tained in the extended meaning. The question to be determined is, 
what is the proper representation of the line OP, rU in length, and 
in direction, meaning that it makes an angle 9 with O A. 

Firstly, suppose 9 to be commensurable with two right angles, or 

that 99 = —irS (m and n whole numbers) whence 2n9 = m,2ir. 

Let k r be the distinctive symbol which marks that rV makes an 
angle 9 with the arithmetical line; where k not being a symbol of 
quantity, neither is 9 that of an exponent, in the algebraical sense. 
Then it is evident that, by turning OP until it has revolved through 2n 
times the angle 9, we bring O P into the position of a line making m 
sets of four right angles with O A, that is, we bring it into the direc- 
tion O A for the mlh time. And because coincidence is restored after 
every revolution, we must have 

h *" r U signifying the same length and direction as A rU 

^^""•U U 

or A^+^^''rU equals k^rV ii''''" U = U 

for we have said, let lines be equal when they are the same in length 
and direction. 

If then we want such a symbol as is capable of expressing the 
necessary distinctions, and which shall be pointed out by the rules of 

ordinary algebra, we must so assign k as that k .k ,k^,..,{2n)^ 
^•ir ps*^^^ Q^>^ j_. ^^ which can be done by making k a 2 nth root 

of 1, in the manner already laid down, where \/— 1 is treated* as 
a quantity. If we ask which root of 1 is to be adopted, the answer 

• Let the student carefully note the difference between treating 
V — 1 as a quantity, when it has been proved that certain purposes of 
distinction are answered by so doing, and considering it as a quantity. 
In operations, this difference amounts to nothing, which is precisely the 
reason for which we adopt the method ; but in theory, the first method 
gives good reasoning ; the second gives only a part of it, logical deduction, 

I 2 
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evidently is, that root wbicb, when raised to the 2 rath power, gives- 
the unit at the end of its mth revolution, or exhibits it ii> the form. 
cos2/n9r 4- 8in2m«' . V — 1. That is, we must let 

k be sienmed by cos — V- sin . v — 1 

* -^ 2ra ^ 2n 

(Be careful to remember that sinx\/ — 1 means, not sin(jr\/— 
hut (sin x) . \/ — l). By De Moivre's Theorem, 

(2»iir , . 2f/i7r\*»» ^ . • « / — z 

cos— — 4- sm — — I = cos2iiiir + sm2mir V — 1 
2ra 2ii / 

a form of unity. 

But -- — = - TT ^ 0: hence k is cos9 + sm9 v— 1 

2ra ra ' 

Secondly, let and v be incommensurable; the same notation 
must still be preserved, extending to the symbol of quantity 9 all 
those considerations which have been heretofore introduced, in respect 
to the connexion of commensurables and incommensurables. The 
general result then is, 

r {cosB 4- sin On/ — l) U signifies a line rV inclined at an 
angle 9 to the arithmetical line. 
(112.) The meaning of the sign + before a term distinguished by 

V — 1, is to be determined from the preceding. If OM ^ xU 
(= is here correctly applied), and if MP equals in length ^U (the 
limited definition of =), we find that the line is 



X + y V — 1; 

consequently, x + 5/ *^ — 1> or O M -f M P \/ — 1, is the symbol for 
O P ; whence we see that our extension of meaning is as follows : 
whereas, in the arithmetical line, O M + MP (MP being carried 
forward on that line) would have been OP on that line, then 
OM + MPV-TT, when MP is distinguished as being at right 
angles to OM, still means OP. That v' — 1 is the distinction of 
perpendicularity, as — 1 is of contrariety of direction, appears as 

follows : the unit perpendicular to O A is U f cos - + sin - \/I^ J 

or Un/ — 1; but more evidently from the consideration that if kV 
denote perpendicularity, A: (/cU) must denote motion through a right 
angle more, or k^U must denote — 1 . U. 
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(113.) Our extension is non complete: it is yet for us to lee what 
«Tleiuion the preceding makes in ibe remaiDing notions of algebra. 

1. What is k*r + ft'V. Let t and j" be values of OM, and 
yj~i, and i/'/^X those of MP for the lines just stated. Then 

k'r + A'V = x + af + (,y+f) V^ 

Now, the general form x-\-y^ — 1 may be converted as follows : 

X + y/^ = s/a:* + y* (cosfl + sin»'%^— 1) 

where tanfl = -. This follows from the treatment of •/^\ as a 

quantity; for if we assume 

rtwsfl ^ X rsinS ^ y; then r ^ 'J s? + J^ tanS = =-. 

yVlTl = rcosfl + rsinSv'iri = «/:?+^(co3fl + Bin*'>/3i) 
Applying this to i + ar' + Cj'+y) V— 1, and making also 
r- = r'cosff' y = r'sinfl', we Bnd 



^'^\.i^.^ = l±t. 



V(a;+ar')«+(y + y')' (cos^ + sinf v^-^l), tan^ = J^, 
Xcos^ + sin^VlT), or 
^ + sinf V — 1) 



■J. 

ktT + k*'r' 






+ ,.'« + gr/ cos (9 — ff) (CO 
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V>^ 
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= OQ(co8QOA + 8inQ0A>/IIT) since tanQOA= ~ = 
^,^ or the sum of OP and OP 'is OQ, the diagonal of the com- 

pleted parallelogram, which ends at O. The difference of the two 
lines will be found in the same way to be 



a:— y + Cy— y)\/ — 1 = \/r« +/«— 2rr'cos(e— e^ (cosf H-sin^V-l) 

(where Unf = ^^^^ = tan P' PA,) 

= PP'(cosFPA, + sinPPAy^ 

or the difference k^r — k^r^ is PP', the other diagonal. Let OP 
signify the line O P in length and direction. The way of settling the 
distinction between OP — OF and OF — OP, is as follows. 
The opposite of any line is found by merely changing the sign 
of r, if we allow to remain the same. For the opposite of 
rcosO -f rsin0>/^ is rcos(0 + w) -f rsin(0 -f ir)V'^ = 
( — r) (cos0 -f sin0>/ — T) : that is, two opposite lines may be 
expressed, either by changing the sign of the symbol of length, or 
adding two right angles to that of direction. We see then that the 
opposite of r(cos0 -f sin On/ — 1) may either be defined as r at 
the angle © -f ir, or as — r at the angle 9. Now, to determine the 
proper interpretation of O P — OP', since we are to have all alge- 
braical formulae remain true, let us write it thus: O P + ( — OP'), 
and add OP and — "OF, or OP and OT ; the result is OV'. 
Similarly cJP' — OP = OF + (—OP) = OF + oW= OV. 
In truth, when we came to the first square root, namely, that which 
gave O Q, we should have ascertained that the sum was O Q and not 
OX. This must be, for the extended definitions are entirely to con- 
tain the limited ones. Let OP and OP' revolve towards the arith- 
metical line, and it is finally OQ, which becomes their arithmetical 
sum, and not OX. 

(1 14.) The terms greater and less cannot have meaning as applied 
to lines defined in length and direction. We may have lines greater 
in length, or greater in direction, than others ; but OP is not greater 
or less than O P'. Watching this more narrowly, we see that we have 
defined egtuil in a sense which only applies to lines in the same 
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diiection; this limitation, for such it is, requires a corresponding 
limitation of the relative terms, greater and less. 
(115.) As to multiplication, we see that 

r(cose -f sine V^^^ X / (cose' -f sine V' — l) = 

rr' (cos (e + eo + sin(e + e') V"^) 

or, in multiplication of r and r', the result belongs to a line rr^U, 
with a direction, the sum of the directions of r and r*. Similarly, 

r r 

-, belongs to a line -,U, at an angle — e', and so on. We see then 

r r 

that the angles of direction have the properties of logarithms rela- 
tively to the lines, which is also plainly shewn by (or, if not, is a 
confirmation of) 

r(cos« + aa^ n/^) = ri'^""^ 

Taking this convenient abbreviation, we have a set of equations, 
as follows: 

rB X T B =: rrB , 

c ' 



(116.) If we look at our first method of introducing >/ — 1, (99.) 
we see that the one just explained agrees with it, except in one impor- 
tant particular. That first method did not bind us to any meaning of 
the sign + and — before k, but left us, as we then might suppose, to 
imagine that P + /cQ must be the same as P + Q, with a distinctive 
mark on Q, reserving it for future operations. But I did not notice 
at the time, wishing to avoid any generality which was not required 
by the subject, that the definition we assigned to k entirely destroyed 
all specific meaning for the sign + before k, though it continued 
that meaning in relations among the terms independent of k, or 
among those afiected with it. For if we agree to mean by P + A^Q 
:= P' + ^ Q' an equivalent to . laying down both that P = P' and 
Q = Q', the preceding relation remains equally true, whatever may be 
the meaning of 4- before /c; since identical operations performed upon 
equal quantities must give the same result. In applying the result 
to geometry, we find ourselves led to a more special meaning of k, 
for A;Q means the line Q perpendicular to the arithmetical line. And 
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with it we find a special meaning of -f between a term without Jt 
and one with ^, namely, the hypothennse of a right-angled triangV^. 
But still the meaning of k remains in force, for, in the geome^ 
trical application, P = P' and Q = Q'. By expressly defining tvro 
lines as equal which have both equal lengths and directions, we 
require also equal projections on both OA and OA', as is readilj 
proved from the accompanying figure. For, if MN and PQ have 




the same length and direction, then KV = LX, and GH ^ DE. 
But we have 



MN = KV + GHv'-l 



PQ = LX + DEV-1 

(117.) We have thus converted every theorem of algebra into one 
of geometry, not belonging to a class very useful at present, but, geo- 
metrically considered, of great complexity. And we have thus the 
satisfaction of putting upon every theorem of algebra a meaning which 
is as intelligible as an arithmetical operation, when the latter is as 
complicated ; and this on the supposition that every letter is a (till 

now) impossible binomial of the form ar-f-yv — 1. Thus, in 
a-\'h-^c^ c-\'h-\-a -sz-h-^a-^-Cy &c. we see the following theorem. 
If there be any number of straight lines meeting in a point, and if the 
conterminous diagonal of the parallelogram formed by any two be 
made one side of a new parallelogram, and a third line another ; and 
if the conterminous diagonal of the last be similarly combhied with a 
fourth line, and so on till all the lines are exhausted ; then shall the last 
found diagonal be the same in magnitude and position, in what order 
soever the several lines were introduced. But theorems which are 
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algebraically very simple lead to problems of great complexity. To 
shew this we shall enunciate the geometrical theorem which answers to 

as an exercise for the student in the meaning of the extension. 

If there be two finite straight lines making angles with a third finite 
line on the same side^ and all meeting in one point, and if we take 
the third proportional to the third line and each of the two first, and 
incline such third proportionals to the third line at angles twice as 
great as the first and second line ; and if we also take the double of 
a fourth proportional to the third line and the two first and incline 
it to the third at an angle as great as the angles of the first and second 
together; and if we then take the conterminous diagonal of the 
parallelogram whose sides are the two third proportionals, and also 
the diagonal of the parallelogram which has the last- mentioned 
diagonal, and the double of the fourth proportional for its sides : then 
shall this last-mentioned diagonal be in length a third proportional to 
the third line and the diagonal of the parallelogram on the first two, 
and shall make, with the third line, an angle double of the angle 
made by the diagonal of the first two with the third. 

The student should construct some problems of this kind, both as 
an exercise in the meaning of the extensions, and the use of the 
instruments. 

(118.) I now pass to a question of much greater importance, 
namely, the use of the preceding extensions in reasoning. As a certain 
species of fallacy is called reasoning in a circle, I think the method 
I am going to describe might be called reasoning in a triangle ; for, 
when there is an obstacle in one side, we pass from one end of it to 
the other over the other two, which we shall shew are free. To return 
to our illustration; suppose a question involving times before and 
after a certain epoch to be given, and suppose that ordinary alge- 
braical reasoning, though it produce an answer positive or negative, 
does it by means of square roots of negative quantities fallaciously 
entering in the process. I say fallaciously (110.), because we cannot 
extend to our notions of duration those relations which answer to 
various directions of lines, except only, that if time before may be 
represented by a line north, time after may be represented by a line 
south. But a line east has no correlative in our notions of time. As 
long as we keep the notion of time, we must, «o to speak, keep in 
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the algebraical line (111.) of positive and negative quantity. But 
let us proceed as follows. Whatever ratios exist between the given 
times are made to exist between the geometrical lines which represent 
them in .... A"OA ... . ; and if there be an answer to the question 
in time, there is an answer in the line A'' O A to a given geometrical 
problem, corresponding to the given question. And, conversely, if 
there be in the line A''OA an answer to the geometrical question, 
namely, a line whose length has all the required ratios to the given 
lines, there must be a time whose ratio has all the required ratios to the 
given times ; for ratios are the same things whether they be of portions 
of duration or of length. We cannot reason on the problem throughout 
when the concrete magnitudes are times : for, by our supposition, 
modes of duration of which we cannot conceive the existence are 
introduced. But we can reason on the geometrical problem, because 
geometry can put an intelligible construction upon correlative modes 
which exist among lines in different directions. But the geometrical 
result when obtained, gives an answer to the problem upon the rela- 
tions of time; not depending upon the methods which gave the 
geometrical answer in any way, but upon a circumstance altogether 
different ; namely, that relations among lines, positive or negative, 
however obtained, have their correlative relations among times. That 
is to say, we may depend upon the results of general algebra, even 
when the concrete magnitudes under discussion are such as do not 
admit of the geometrical extension. But, if the geometrical problem 
give an answer which amounts to supposing a line OP not in the 
line of algebraical positives or negatives, then we know that the 
corresponding problems relative to such concretes as do not admit of 
the extension, are strictly impossible, and (as yet, at least) incon- 
ceivable in any sense whatsoever. The same reasoning applies if the 
given problem be upon abstract numbers, with this additional limit- 
ation, that the question is impossible unless the answer of the cor- 
responding geometrical problem lie upon the arithmetical line OA . .. 
We shall not in future consider it necessary to make any dis- 
tinction between V — 1 and other symbols. Those equations in 
which it occurs are rationally true in the extended sense of the sym- 
bols, and those in which it does not occur are true in the ordinary 
algebraical sense ; for, as seen, the extended and ordinary meanings 
coincide when the symbol V — 1 is neither expressed nor implied. 
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CHAPTER V. 

ON THE DISTINCTION OF PERIODIC QUANTITIES, AND 
PRELIMINARY CONSIDERATIONS ON THE INVERSION OF 
PERIODIC FUNCTIONS. 

(1 19.) We have, in the notion of continual revolution, an idea of 
quantity, the whole effect of which is represented by the angle which 
the revolving line makes with the line of commencement ; and in 
which, so far as position is concerned, or any ratios which depend upon 
position, it is indifferent whether the place which the line occupies 
be in the first, second, or any other revolution. If we were to say, 
let the angle 2'tr-\- 9 he the same angle as 9, we should then call an 
iangle a periodic quantity ; but this notion would not be very accurate. 
Yet sin 9, cosO, &c. are really periodic functions of 0, for as 9 increases 
they do not increase or decrease without end, but circulate in value 
through various changes, in such manner that what value soever any 
one has when ^ a, it has the same for a + 2 tt, o + 4 tt, &c. It 
is usual to distinguish the primary functions of angles from magni- 
tudes which depend on lines, or other continually increasing quan- 
tities, by the name of periodic quantities. 

(120.) The question of finding the double, treble, &c. of a quantity 
of revolution is not affected by the multiplicity of values which answer 
to that quantity, considered as the determiner of angular position. 
Thus m9, m(27r-{'9), m(47r+9), &c. are m9, 2i7i7r-i-i7i0, 4wi7r+OT0, 
which all give the revolving line the same position as m 9, when m is 
a whole number. But when m is a fraction, the case is altered. 
Suppose we ask, how many different quantities of revolution are 
there, each of which repeated 10 times, will leave the revolving line 
at an angle 9 with the primary line OA. This position may be 
obtained by the revolutions 0, + 27r, 0-|-47r, &c. consequently, 
the tenth part, or the solution necessary, is contained in the formula 

or — —. cr + r:r, the values of which are 

10 10 10 
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IT . Stt . ^ 9ir . 

To' 5 +10' T ■♦■To •'•• "P^^ T ■♦■To' 

after which there is only recurrence; for — - + 77: '^ 2 ir + tt- ^f 

then, we were to set out with a problem involving the given angle Q, 
and the answer were, 

the value required is cos r-- 

tliere would, in fact, be ten answers ; for might at the outset have 
been called 2ir + 0, or 4ir -{•Oy fee,; and though these angles have 
equal cosines, their tenth parts have not. 

Thus, in the formula sin = 2sin 1 .cos 1 0, we see that 

sin0 is either 2sinj^0.cosi0 or 2sin(x + i0)cos(x + |^0) 

the latter arising from writing 2x + ^ for 0. And in 

cosi0-f >/^sini0 = ±\/cos0 -f V— 1 sin0 

the second side has two values ; and so has the first side, its second 
value appearing by writing 2 ir + ^ for 0. 

(121.) The actually periodic character of the series in (101.) is a 
point of interest, which it may be advisable to verify. An angle is ex- 
pressed in analytical units by an absolute number, and every number 
belongs to some quantity of revolution, 1 belonging to that which 
makes the arc and radius equal. And the remark in (63.) must be 
particularly attended to. No result yet obtained, which involves 
angles themselves, is true of degrees, minutes, and seconds, but only 
of analytical units. If we take a high number for 0, the formation 
of a few terms will make the series appear very divergent; but we 
see that convergence must come, for, in the sine, we have 

(n + l)th term = nth term x ^^^^^^^^ 
And in the cosine 



(n + l)th term = nth term x 



(2n — l)2n 



So that, however great may be, terms must arrive at which 
2n(2n + 1) and (2ra — l)2ra bear as great a ratio as we please to 0', 
or the (n+ l)th terms may be made parts as small as we please of 
the nth. And the terms being alternatively positive and negative, 
the magnitude of the latter kind will compensate that of the former. 
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« 



leaving a difference always less than unity, as should be the case 
from (36.). To shew this, we shall take some terms of the sine and 
cosine of the angle 10, something greater than 3 v. We begin with 
10, and the process is continual multiplication by 10, and division by 
successive numbers. Let (») mean 10** divided by 1.2.3 .... n, 
then we have 

sinlO = (l)-(3)-f(5)- (7) + ...• 
coslO = 1 - (2) + (4) - (6) + .... 

To pass from (n) to (n-f 1) we must multiply by 10 (move the 
decimal point one place to the right) and divide by n + 1 • To get a 
sine and cosine from this (at the beginning) very diverging series, to 
a single place of decimals, will require about 29 places of decimals 
to be considered in the first term. Let us begin with 

(1) z= 10-0000 .... 29 ciphers 

(2) = 50000 

(3) = 166-66 .... &c. 

Proceeding in this way, and keeping two decimals from each term, 
we find as follows : 

(1) = 1000 (11) = 2505-21 (21) = 1957 

(2) = 5000 (12) = 2087-68 (22) = 8 90 

(3) = 166-67 (13) = 1605-90 (23) = 3-87 

(4) = 416-67 (14) = 114707 (24) == 161 

(5) == 833.33 (15) = 764-72 (25) = -64 

(6) = 1388-89 (16) = 477*95 (26) = -25 

(7) = 1984-13 (17) = 28M5 (27) = -09 

(8) = 2480-16 (18) = 156-19 (28) = -03 

(9) = 2755-73 (19) = 82*21 (29) = -01 
(10) = 2755-73 (20) = 41-10 

Hence, (1) + (5) + (9) -f up to (29) = 5506-33 = A 

(3) + (7) + (11)+ up to (27) = 5506-90 = B 

sin 10 ^ A— B nearly = — -57 

1 + (4) + (8) + up to (28) = 5506-20 = C 

(2) + (6) + (10) -f up to (26) = 5507-03 = D 

cos 10 = C — D nearly = —-83 

10 ^ 37r +-58 nearly, or coslO ^ — cos-58 sin 10 = — sin -58 
•58 6 = -58 X 57-31° = 3323 nearly in degrees. 
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And from the tables sin 55° i s= -54, cos 55° i = -84, whence the 
first decimal is right, as we proposed. We have thus shewn how to 
verify the actual coincidence of the series with the sine and cosine 
of the tables. 

(122.) When an operation is performed successively upon a quan- 
tity and its results, if we denote the operation by/, the results of the 
repeated operations may be denoted by Jf^ fff^ &c., which may 
be abbreviated into /*, /», &c. So that suppose x the quantity 
operated upon, and 2x4-1 the operation to be performed (that 
is, let / represent a direction to double, and then add one), we have 

/a; = 2ar-f-l, /«a; = 2(22r-|- 1)-M = 4a:-f 3, 

px =: 2{2(2a:-f-l)-f-]} + l = 8j;-f-7, &c. 

The convenience of this notation consists in the analogy which 
exists between the indices of/ and algebraical exponents. Thus 
we have 

pfx =f*x = 2[2{2(2a: + 1) + 1} + l] + 1; 

the only difference being, that in f^f^ we consider the preceding as 
having all between {} first finished, which total operation is then 
repeated ; and ixif*x we consider all the operations as separate. But 
both results, when developed, are, in fact, ffffx. To preserve the 
same equation, we must leij^x signify x^ in order that 

ff^x may be/^+^a;, or/^a;, oxfx; 

and the meaning of f^x may thus be given. Let it be such that 

the equation /"*"*''* a: = /*"(/** J^) still exists, and we must then 
have 

ff-'x=p-'x=f'>x = x; 

or f~ X means the inverse of x, the fimction whose effect is reversed 
or undone hy f; so that if/~^ be first performed upon x, and then 
f, the latter restores x again. Thus, it fx be x^,f^^x is >/x, 
because /^"^j: or (Vx)* is x. 

Since /*""'■'* j: is either /^/"j:, ox f^f^Xy to preserve this equa- 
tion, we should stipulate that/"yj: should be the same ^ff^x^ 
or that we should only allow functions satisfying this condition to be 
called/"^ a:. Thus in sr^ and n/j?; we see that we have 

(Va;)* = Xy and, changing order of operation, a/^2 -= ^^^ 
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But if we take — Vi fotf^Xffx being op*, we find 
(— V'x)* ss X, — V'a;® = —a:, f'lfx, no* being = x. 

To elucidate this point, we must observe that, in algebra, direct 
operations, which produce but one value out of one value, are gene- 
rally accompanied by inverses which produce more values than one ; 
addition and multiplication only excepted. What do we mean by a 
square root? The expression, which squared^ gives the original. 
This, with regard to x\ answers both to x and — x. But if we had 
been considering jr* as an operation to be repeated, giving (j^*)', &c. 
and had from thence, in the preceding manner, deduced an idea of 
an inverse operation, we should have found that if 

fx = a:*, and iiff'^x and/""\/a;, are both to be = x^ 

we can only admit^-^j: ^ wxj and noty-^x =s — v j:. But because 
it has been customary in algebra to admit all functions to the name 
of inverses off, which satisfy^" ^x = x, without inquiring whether 
* they satisfy f^^fx = x, we must here adopt the name, but with a 
distinction of notation. Let those forms be called convertible inverse 
functions ofy, and be denoted by/"^, which satisfy bothjf/*"^ j: = .r 
and f fx'ss.x. And let those forms be called inconvertible inverse 
functions off, and be denoted hyf^^x, which satisfy only ff^^x^=r jt, 
and notf^^fx ^ x. Thus, whenyj: ^ x^, f^x = 's/xf f_^x = 
— >/x. But it is right to warn the student that, in other works, 
f~^ andy_j are not distinguished. 

(123.) Let us now turn to cosj:. What is its inverse function? 
Let cos j: be denoted hy fx ; then 



-1 = cosa:+ 's/1 — cos'a: V — 1 = /a: + \/l — (/x)* ^^ — J, 

(as in my Algebra, p. 123, 1 always mean by Vj: the positive square 
root, and by ar the general form, either positive or negative). This is 
true only for angles less than tt (of all in the first revolution); for if 
X be greater than ir, we must have 

g»A/^ _ COST 4- sin a: V — l, 

and the second term (44.) is negative; 

k2 
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whence g* ^'^ = /r + V 1 — {fxY V ^, 

(x between and x^ 2^ and 3ir, &c.) 



g'^-« =fx-'^\-(Jxf V-1, 



{x between ir and 2x, 3 ir and 4ir9 &c.) 

both included in i*^^i z:^fx+ (l— (/a:)«)* v^^^, 

(for all values of x.) 
Now, if for X we write x-f 2nir, ^x remains as before, and so 

does g' : we have then every possible form of the preceding 
equation in 

,.,/=3+««ry^^y(^^2n*)+{l-(/x+2n*)*}*V~l; ...(A; 

in which there is identity of value in both sides of the equation for 
all values of n. But before we proceed a step further, we have an 
important remark to make, the neglect of which for a long time 
embarassed this subject. 

(124.) Identity of form means positive and absolute identity in 
every respect. We see it in 

X ^ X, a; + a = a:4"fl> cosa; = coso:. 

Identity of value includes all other cases in which the sign =s 
applies. We see it in 

X = a:+a— a, (b—af = (a— 6)2, cos(a:+2flr) = cosa:. 

All operations, general or limited, performed upon identities of 
form, produce the same results. We see this in 

s/ X = f^x as well as ar* = x . 
This proposition is only worth stating as a contradictory of the next. 

Limited operations performed upon identities of value with differ- 
ences of form, do not necessarily produce the same results. Thus, 



(J)^af ^ (a— 5)2 does not give ^/{b^af => \/(a — &)«, 

or 5 — a = a — ft, 

but it does give {(ft — a)^}* = {(a — 6)2}^ 

that is, every value of the first side is a value of the second side, but not 
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at our pleasure. It is \/x on the first side^ which is equal to the 
— wx of the second, and vice versd: if we attempt to displace this 
arrangement, and make Vj: of the first side equal to v j: of the 
second, we have no longer an identity, but an equation of condition 
{Algebra, p. ix.), for then b — a s= a — b, or a = 6. 

(125.) Conversely, when we find that an operation performed upon 
both sides of an identity of value gives different results, it will be most 
judicious, before proceeding further, to examine first the operation in 
question, to see whether it be not a limited case of a more general 
operation. And we see that an algebraical equation, of which the 
sides admit of different values, such as arises from performing a 
general operation upon a general form, may be considered as an 
ambiguity of this form, 

Ai, or Ag, or A3 . • • • = Bi, or Bg, or B3 . • • • 

in which, though we know that A, has its equal on the other side, 
we have no right to say that it is Bp for it may be any other. And 
the same of A,, &c. And all we know as yet, and indeed all we 
shall find, will shew us that, in operations conducted in all their 
generality, there will be complete identity of this kind: every value 
of the first side will have its value on the other. We shall not have 
Aj and A, both equal to B,, and B, left without a value. 

As long as our inversions only involved the production of two 
values, as in the square root, or of three, as in the cube root, there 
was little need to embarrass the subject by general ideas upon inver- 
sion: each case was the best index to its own peculiarities. But 
now, when the simplest cases we have to consider give infinite num- 
bers of inversions (seeing, for example, that though an angle has but 
one cosine, a cosine has an infinite number of angles), we must 
watch our processes very narrowly. By trusting to limited notions 
of inversion, many errors have been introduced, some of which we 
shall point out in the sequel. 

Returning to equation A, we must first find the arithmetical 
logarithm of the second side. We shall need some considerations, 
which the student will read with the more attention, when he knows 
that he is thus in reality entering upon a most essential part of his 
future studies, namely, the Differential and Integral Calculus. 
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CHAPTER VI. 

NOTIONS OF TUB DIFFERENTIAL AND INTEGRAL CALCULUS, 
SUCH AS WILL BE REQUISITE IN THE SUCCEEDING 

CHAPTERS. 

(126.) Let any function of x^fx^ have a certain value given to j, 
namely, a. Then let x have the value a-\-h given to it, and let the 
difference of the resulting values of the function be taken, namely, 
f{a 4- A) — fa. Instances : 

g«+*_g«, sin(a4-A) — sina, {a -\- hy '- a^ , 

This difference, if the function be continuous (^Algebra, p. 102), is one 
which diminishes without limit at the same time as h. When the 

fraction ^ {Algebra, p. 156) has a finite limit, let it be 

called the derived function of fx, for the value j: = a. Or, in 

general, let the limit of -^ ^ — s^, made by diminishing h 

without limit, be styled the derived Junction of fx, if it be a rational 
and continuous function of x. Let it be denoted by D, that is, 

Limit (if there be one) of /(^ + ^)— /^ _ jyf^ 
For example {Algebra, p. 225), 

A « h «V+2+2.3+ J 

Therefore (^feeira, p. 157.) Dg' = g* 

,UKx+ A)-8in* ^ ^.^^ cosV-1 ^ ^^^sinh ^^^^^ ^^^^^^ 
h h n 

Dsino; = sina; x + cosa; x 1 = cosx 

cos(x+A) — cosj? cosA — 1 . _ sinA , 

— > ■■ . 7 / . = cos a: r sma? — t- (46, 47.) 

h h n 

Dcosj? = cosx X — sina: x 1 = — sinar 
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(127.) Now precisely the same results are obtained if we use 

and diminish k and k without limit. For instance, 
sin(x4-A) — sin(j: + /c) cosA — cosk , sinA— sin/c 

sinx X 2(._!iii(*±*^^|ii*zd)) +COSX X 2!iiLM^=^£^i(i±*> 

- sin xsm iih + k) '^^^^~P + cosx . cos J (A + *) '\^^^Sk)^ 

the limit of which, diminishing h and k without limit, is as already 
obtained, 

= sinj? X X 1 + <^osjr X 1 X I9 or cos jt, that is, Dsinj:. 

Let the student try the other instances in a similar manner. 

(128.) Theorem. Required the relation which must exist between 
two functions which have the same derived function. 

Let the derived function in question be P, and let Q and R be 
two functions, of both of which the derived function is P. Let 
R = Q + T, T being the difference of Q and R ; and when x is 
made J? + A, let R', Q', and T' be the values of the three, whence, 
since R ^ Q + "^ is supposed to be an identical equation, we 
roust have it true for all forms of x, and therefore we must have 
R' 3= Q' + r ; whence 

R^ — R _ Q^ — Q r — T 

h h h 

Take the limits of both sides {Algebra, p. 156), diminishing h without 
limit, and we have 

DR=DQ + DT, or DT = 0, 

because DR = DQ = P. Consequently T must be a function, 
whose derived function is nothing for all values of x. Now let 
T{x) denote this function, where we make T the symbol of the 
functional operation, and express the quantity x, because we wish to 
express different values of it. Then let us suppose 
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T(a: + A)-T(a:) = Vi 

T(ar + 3A)-T(a: + 2A) = V, 



T(a: + w-.U)-.T(ar + w — 2A) = V^.i 

And by addition, T(ar + n A) — Tx = V^ + V^ + . . • . + Vn. 

Now, let us diminish h without limit, increasing n at the same 

time in such manner that nh shall be always equal to a quantity 

fixed in value, but what we pleate (keep this in mind), and called 

y, (See the process in (101.)). By the nature of this derived 

V V 
function, -r^, -7^ . . . . must all diminish without limit with A, for that 
A h 

is implied in the limit of these fractions (which are values of the 
derived function) being always s= 0. Consequently, each of V, , V,, 
&c. can be made as small a part as we please of A, and V|-(- V,+ • • 
. . + Vn as small a part as we please of nA, which is always^, or 
the sum preceding can be made as small a part as we please of a 
finite quantity, t e. diminishes without limit. Hence, T{x +y) — T(y) 
a quantity independent of h, diminishes without limit with A, which 
is absurd ; for, not containing h at all, or any quantity whose value 
depends on A, it is the same whatever A may be. Whence does this 
absurd conclusion arise? Not from the reasoning, but from the 
initial supposition, namely, T(x+A) — T(x), &c. are quantities 
depending on A. If they depend on A at all, all the preceding rea- 
soning follows, and the inadmissible conclusion. The truth must be, 
then, that T(x4-A) — T(x) is not a function of A at all. Neither then, 
does {T(a: +A) — T(j)} + T(j:) contain A, for we have not added a 
function of A. That is, T(j: + A) is not a function of A; that is, T(jr) is 
not a function of x. For, if it were, A would be found in T(x + A). 
Therefore T(x), supposed to be a function of jr, and, therefore so 
expressed, turns out to be a quantity independent of s. Such a 
quantity is called a comtant with respect to x. Hence the conclusion 
is, that if Q and R have the same derived function P, then Q can 
only differ from R by a constant quantity. 

To verify the positive part of the conclusion, suppose ^jr = F* 4"C, 
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C not changing when x changes. Then f{x + A) = F (x + A) + C, 

and 

f{x + h) ^fx _ Y{x+h)^T{x ) 
h "^ h 

consequently the limits (A diminishing) are the same, or D/jr = DFx. 

(129.) Theorem. If ^j; be the derived function of^, then the derived 

function off^^x, any inverse offx satisfying^^_j x = x, is -j^ — r 

Pq^ /,i(j^ + ^)— /-iJ^ _ /-i(j^ + ^)— /-iJ^ _ /,i(x-fA)— /,ij: 

= 1 divided by //-i(^ + ^)"//>i^ 

/-l(j^ + A)— /-i-r 

LelX-i^ ^ y> y-i(^4"^) = y + ^* then /c and A diminish 
without limit together. Substitution gives 

/-i(x+A)-/-i^ ^ J divided by /(y^^)-/y 

Let h diminish without limit, in which case k does the same, and 
we have 

Df^iX = 1 divided by Dfv = T~ = ITT \ 

For instance, let fx = x', f^^x^s — ^~ 

Then Dfar = 2x = (px — = ^r- 

^ ^ 0( — Va-) — 2n/x 2'N/jr 

Let/r ^ sin J?, then we make^^jj: ^ an angle whose sine is x. 

J^fx =• QOSX = C>X — = 

•^ ^ <i>x cosx 



•^ "* \ sine = J- / 



1 



0(ang. wh. sine is x) cos(augle, &c.) 
1 1 



cos (angle whose cosine is (1 — x^)^ ) (1 — jr')* 

The ambiguity of the sign is a subject to be hereafter considered ; 
when actual application takes place, it depends upon the following 
proposition. 
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(130.) D/x is positive for all values ofXf at which, when x in- 
creases or diminishesiyx does the same; and negative when/jr dimi- 
nishes by increase of x, or increases by diminution of x. We must 
suppose in this proposition, that the increments or decrements maybe 
as small as we please; and the general algebraical meaning of increase 
and decrease is contemplated. Its converse is also true. 

Firstly, let f(x + A) be greater than /x, for any value of A, 
however small ; that is {Algebra^ p. 63.) let f{x + h) — fx be 
positive. Then, h being positive, we have (/"x + h — fx) -4- ^ is 
always positive, and its limit D/x must be positive. Converselyi let 
P/x be positive, then there are values of h which are so small, that 
f\x + A) — /x must be positive. For if we make 



f(x^k)-fs ^ jj^^ ^ jj^ 



then H must be an expression which diminishes without limit with h. 
The latter can then be taken so small, that D/x + H shall have the 
sign of D/x, that is, shall be positive; that is, h being positive, 
h (D/x + H) shall be positive, or /(x + h) greater than fx. 

The other cases of the direct and converse proposition can easily 
be established in the same way. 

(131 .) Let X increase from — a to +09 where a may be as great as 
we please, so that we thus suppose a variation of x between any limits 
of magnitude which it may be necessary to consider. We abbreviate 
all this into : Let x increase from — oc to + ot : then the preceding 
shews, that whenever (x increasing) D/x changes from + to — , the 
function ceases increasing, and begins decreasing, and vice vers6. 

Apply this theorem to Dsinx = cosx, and shew that the sign 
of the cosine corresponds to the current method of variation of the 
sine in the manner described in the theorem. 

The following theorems may be established by the direct process 
in (126.). Symbols not containing x, are supposed independent of x. 

If <px = afx^ jy<px = aDfx 

If (px = afiX + b/QX-'cf^Xj T>(px = aD/ja; + ftD/go: — cDj 

D:r~ = limit of^l±^P::i^= limit (wa:'»-i + wi^^a;'"-^* + •• 

A > 2 

(il/ge^rflr, p. 217), or Da:"* = mx^"^. 
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J* m^ h ^BM J* 

Djt ^ limit of 7 , or limit of 1. But 1 being in- 
variable, as A diminishes witliout limit, it remains the same, or 
D4: = 1. Similarly, Dajr ss a, D(ax^b) =s 0. 

This being universally true, we may write 0, for 2 a,, a, for 3a^ 
&c. which gives 

D \ao -}- OiX + an- +^33 + •••) = 01 + 020: + tfjars + fcc. 

(132.) We have hardly thought it necessary to state that if two 

functions be always the same in value, their derived functions must 

be the same in value. But (124.) we must not take a limited form 

of one, and equate its derived function to that of a limited form of the 

other, without first ascertaining that our limited forms are really 

equals. 

The derived function of a function of a function of x is thus 
found. 

Let us suppose ^(fx). Let/(j? + h) =/jr + H ; then we have 

Dp/x = limit of »/(*+;)-»/- = u„it of tif^fh:^ . H 

= U«it of »CA + H)-»/- X limit of /(■'+»)-/' 

XI a 

Now h and H diminish without limit together, and the first limit 

would be D^jr, but that/j: is in the place of j:. It is, therefore, 

what D<j>jc becomes vfhenfx is written for jr. The second limit is 

Dfx; whence 

T% /. Ti /with .r aflerwardsX •> ^ 

Dffx = Dfx{ .hanged into/x) ^ ^f'^ 

Thus Dcosiwa? = — sin ar(x changed into iw j:) X I>mx 
(131.) =— sinwijrxwi 
Dsin(ir') s= coso; (change j: into jr«) X Do;* 
= cosor^ X 5a?*: and so on. 

(133.) Dlogjris limit of i (logr+A— logx) ; or of ilog(l + -); 
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^^ °^ A (7 " ^ ? "*■ • • 7 (^fe^*''^» P' ^^^) ' or of « — Jp + ... 
tliat is, 

Dlogx =5 J Dlog/r = rr- X Hfx 

We shall now be able to proceed with the expression of the 
inverse trigonometrical functions^ and with the extension of what has 
been already done with the direct functions. 
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CHAPTER VII. 

CONTINUATION OP THE CONNEXION OP DIRECT AND INVERSE 

TRIGONOMETRICAL FUNCTIONS. 

(134.) By sin^**, cos*"^*, tan^^x, we mean in analogy with (122.) 
the angles which have x for their sine, or cosine, or tangent, when we 
have both sin(sin"'^jr) =s jr, and sin"''(sinjr) =£ jr. That is, of all 
the possible angles contained in such a formula as 9 di 2m^, and 
having the same sine, there is one specific angle which is denoted by 
sin^^jT, answering to the convertible inverse /"^x. But all other 
angles contained in the same formula will be denoted by sin.^j;, 

answering to the inconvertible inverses denoted generally by^^.^x. 
Whatever a sine, or a tangent, may be in value, there is an angl^ 

lying between — -- and + x** to which that sine or tangent belongs. 

Not so with the cosines, all of which are positive between those 
limits. But all cosines are found to belong to angles between and 
7. Let the fundamental angles to which any given primary func- 
tion is attached, be chosen between those limits. For instance, by 

8in"'(— i), is meant——; but we have 

8in«i(— J) =5 — ^±2m<r, or at— f-^^ ± 2»lflr) 

that is g ± (2wi + l)flr 

We find, in fact, the following general equations : 

sin.io: = sin~^ar± ^m<x or ±(2m + l)flr— sin""^ar 
cos^iX = cos"^x ± 2»iflr or d: 2wflr — cos"*a? 
tan.ja: = tan""^a: ± 2mflr or tan""*a: ± (2»i + l)ir 

These are, in fact, but a combination of the propositions that there 
are in the first revolution two distinct angles, having the same sine, 
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cosine, or tangent, and that any number of revolutions added or 
subtracted, does not alter the sine, cosine, or tangent 
(136.) We have shewn (129.) that 

Dsin-^a: « (1 - jJ^)-*, 

but which sign we should take has not been determined. If we 
consider that while s increates from —1 to -)- 1> the angle inatuKi 

from — rto + -, we see (130.) that the positive sign must be 

chosen, or that we have 

Dsin""*a: « the positive value of (1 -* x*)~*. 
Expand tliis by the binomial theorem, which gives 



Dsin-^o: s= 1 +-jr«+— ar* + i-^j;6 r. 



a series which (in common with all others of the kind derived from 
the binomial theorem, Algebra^ p. 210) is convergent when x* < 1> 
or when x lies between -)' 1 ^Q^ — ^y ^^t is> ^Q every cas6 we 
propose to apply it to. And by (131.) we have 

\ ^2 3 ^2.45 ^2.4.67 ^ '"r-J 

But (128.) two expressions which have equal derived functions, can 
only differ by a quantity independent of x, whence we have 

.m-i^ = C+a:+^3 +^5 + 



where C is as yet undetermined. We find it thus : since it is 
independent of x, whatever value it has for one value of x, it has the 
same for all. Let then x = (read carefully Algebra, p. 189.) The 

only angle between — - and + -, which has for sine, is 0, 

and the preceding then becomes = C + 0, or C =s 0. That is, 

• 1 -. . 1 x» , 1.3x» , 1.3.5 x^ , 

sm a:-a:+-3+j-j-+ 5:4767 + ...• 

Now, the only angle between and ir which has x for cosine, is 

- — sin "*x, so that we have 

, TT 1 a» 1.3 x» 

cos-^X=: 5-^-23 -2745 -•••• 
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which is the same result as we should obtain by going through the 
same process from the beginning, as Ive now proceed to do. 

(136.) Returning to (129.), let/* s= cosx, then D/x or ^j = 
— sin * ; therefore, 



Dcos"^a; == — 



sin (cos -ix) (1— Jf')* 

where the sign is undetermined ; but as x diminishes from + 1 to 
—1, while co8"^x increases from to ir (the limits (134.) between 
which it is contained), we must take a negative sign for Dcos"^ j, or 
a positive sign for (1 — x«)*. We have, therefore, by the same steps 
as before, 

Dco»-»ar= -(l + 5^:* + j^-^^ + ••••) 

or cos-'arsaC — 1 — -x* — -^ a;* — &c- 

and C may be determined, as before, by making x =s 0, which gives 
cos"*0 = C. But between the limits of definition, - is the only 
angle of which the cosine is 0, and we have, therefore, 

cos"^a: ^= - — a: — -X*— r-r ^ — • • • • ^ before. 
2 2 2.4 

(137.) But we must now avoid all appearance of an unusual 
degree of caution without any particular reason shewn, by further 
examination of the pro{>osition in (128.), namely, that if D^x = 
D/x, then x — /x must be a constant independent of x. That 
demonstration, conducted by reducing 0x — fx = Tx, a real function 
of X, to an absurdity, supposed throughout that D T^x presented, be- 
tween T X and T (x -f- y)t i^o peculiarities which would remove it out 
of ordinary rules, x and y being specific quantities: and also that 
D (0x — /x), or D^ X — D/x, fulfilled the same condition. But 
there may happen cases in which ^ (x + A) — x, or /(x -f K) — /x, 
do not diminish without limit when h diminishes without limit, or at 
least do not exhibit a form which will entitle us to draw that conclusion 

without further examination. If, for instance, 0x = -, and x = 0, 

X 

1 1 
X + A ^ A, we can apply no conclusion of ordinary algebra to t f 

when A diminishes without limit. We might investigate a large 

l2 
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number of cases, but we shall confine onraelvta to one, namely, that 

in which either of the derived functions becomes infinite. And first, 

having shewn that so long as there are derived functions Df Jr 

and Dy*f, witliin the sense of the definition, we must arrive at 

T(jr+^) = Tx, or Tx is independent of x; we may assume ^(x) 

=/x + (the same constant from x :^ a to x e= 6) provided that 

between these limits D ^ x and T^fx are finite ; if, therefore, a 

change take place in the value of the constant, it must be at the 

point which our reasoning does not include. For example, let 

D/*x be finite and intelligible from x cs a to x s= 6, and also from 

X ^szb-^k to x = r: but between x := 6 and x ar 6 + Ac let there 

be a value which makes Dy*x = a . We know, then, that if 

D^x=sD/x, 

r (C,to be determined,but 

from X = a to jr =s 6, px ^^fx +s of one value between 

t those values of x). 

from a: =s fc + A to a: :^ c, ^x =a /x + (C, ditto ditto). 

Are we at liberty to say that C, must be C ? Certainly not : for 
if we attempt to reason by the process in (128.), from x s= a to x =£ c, 
we include the case about which we can draw no conclusion, where 
D/x ^ a, and where it is by no means evident that V,-fV,-f . . . . 
4-Vn (in that article) will diminish without limit. We cannot shew, 
nor is it always true, that when D^x is infinite, a change takes place 
in the constant ; but we have shewn the converse, namely, that if a 
change do take place in the constant, it must be when T^fx under- 
goes some remarkable change of algebraical condition, either passing 
through infinity, becoming impossible, or the like. Let us suppose 
ourselves at a point at which the change of value takes place, and let 
it be when x == ^ Then, when x is ^ — A, the function in question is 
represented by f{t — A) + C, but when x = / + A, by f{t + A) -|- C,. 

Hence, calling ^ x the general form of the function, 

^(t + h)-<f>{t-h) = f(t-^ h)-f{t-h) + Ci-C. 

Now, in cases where D^x and T>fx are finite for x := ^, 

,(,+,)-,(,-A) ^^ ji^t+H)-nt-h) ^ ^.„ ^^^^^^ ^^ ^._^._ 

nishing h without limit, give the derived functions of ^x and/x; and 
from the preceding it appears, that the difference of those derived 
functions will be the limit of C — C) -f- A, or infinite. But the 
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difiereoce of two finite quantities cannot be infinite ; whence we may 
conclude^ that D^x and D/x are not both finite, and as they are 
always equad, both will increase without limit together. 

(138.) The preceding results (135.) may be immediately made to 
confirm this conjectural reasoning, for it is hardly more : we see that 

from X =z — - to jr = + —, we have 
2 2' 

. -1 . 1 x» . 1.3 jc* . 

sm X = X+^- + — - + .... 

which, when jt =: 1, gives a slowly converging series for -. But x 

never increases beyond 1 , therefore this series can never represent 
2«r + sin" j:, which is the first value of sin^ jt greater than -, be- 

longing to the supposition on which this series was deduced (135.)» 
namely, that x and sin~^ x increase together. In fact, if we suppose 
jr to vary from —1 to + 1, sin-^jr then increasing, we shall find that 

sin^^X varies from — - to -4- - 

2 2 

2^4- sin^^o? varies from rr to -— 

2 2 

• a. ^ ' 

2/Wflr -h sin'"^a; varies from (47«— 1)- to (4m -f 1) « 

so that the general value of sin^jx (when x and sin-^jr increase 
together) is as follows. That value which lies between 4 m — 1 and 
4»i + 1 right angles, is 

2^T + ^ + -- + 2:^ J-+ .... 

for all values of m, positive and negative. 

Similarly, the value of cos.j*^? which lies between 4m and 
4/71 + 2 right angles (which includes the cases where cos'^o: decreases 
as X increases, as in (136.)) is 

/. , .\7r 1 ar» 1.3 x* 

And at the points where the constaut changes x is +I9 or — -1, and 
Dsin^jX, and Dcos_jjr (129.) become infinite. In a note at the 
end of the work we shall collect the various cases, including the 
change in the form of the series itself, arising from the change of 
sign in the differential coefficients. 
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(139.) We haye now to contider tantt and taD.|X. The deve- 
lopement of the former in a series of powers of x b of little conse- 
quence.as a result; but the methods by which it will here be obtained 
are important in otlter and more useful deductions. 

TuEoaEM. A function of x, which is unaltered by changing the 
sign of X, or which satbfies the equation ^x =s ^(— x), cannot be 
expanded in a series of even and odd powers of x, but can only be 
expanded in even powers : and a function which is changed in sign 
only, and not in numerical value, by changing the sign of x, or 
which satisfies the equation ^(-*x) as — ^(x), can only be expanded 
in odd powers of x. 

Let (px = flo + fli ^ + ^2 ^ + ^3 ^ + fl* ar*+ — 

Then p( — a:) = <7o — ^i ^ + ^2 ^ — ^s ^ + ^4 ^— •••• 
If 0(x) = ^( — x), addition and division by 2 gives 

(px = tfo + flg ^^ + «4 ^ + • • • • 

If 0( — x) =s — 0x, subtraction and division by 2 gives 
(px = aiX -{• a^ ai^ -j- a^ cc^ + ••.. 

In the first case, then, ajar -j-as^-j- . • '= or {Aigehra, p. 188) 

fli = fla as &c. 

In the second case, ao + a^X^-i- • • = or (^Algebra, p. 188) 

Qq =s ^2 = &c. 

(140.) The derived function of tan x is — r-, or 1 4- tan'^x; 

cos*x 

for {56.) 

tan (j -f ^) — tan x __ sin(x4- A— x) 1 sinA 

A A.cos(x4- A)cosx cos(x4-/i)cosx * h 

the limit of which gives Dtanx = — r- = 14- tan'x. 

cos'x 

Again, tanx, when the sign of x is changed, becomes — tanx, or 
tan( — x) s=s — tanx; whence (139.) the series for tanx must consist 
of odd powers only. We have, therefore, to investigate what series 
of odd powers, P, will give DP = 1 + P*. 

Let P =i OiX -j-asx^ -^a^x^ + a'jx'' + a9Qfi-^ 

Then, DP = a^ + da^X'-h oa^a^ + l a'^xfi + dagO^'h .... 
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+ aj«^ + 203050:®+ ...• 

"T" • • • • 

Make DP equivalent with l + P', which gives 

1 2 

Oi = 1, 3^3 = /it or 03 as J, 605 =x 2flifl3 or as ^ j^f 

7^7 = 2aiii5 + a, = i5+9"=3n5 °' ^7«= 3:7:75' 

I n . rt 34 . 4 62 62 

Whence, a: + ia:' + ^a;^ + ^a:^ + jgj^ + .... 

is the only series of odd powers which has a property such as the 

tangent must have ; namely, to be a function of x, whose derived 

function is 1 + the square of the function. But tanjr, if developable 

at all in powers of x, must be developable in odd powers only (139*) ; 

consequently, the preceding series must be the tangent of x, if there 

be any series whatever of whole powers of x which is = tanx. But^ 

x^ 
by common division, we may see that sin t, or x — — + . . . . 

X^ 

divided by cos J, or 1 — - + .... does give an equivalent series of 

powers of jt; consequently, we must have 

. 1 ^ . 2 15 , 17 . , 62 o . 
^^"^ = ^+3^ + 15^+313^+2835^'+ .... 

The actual division of the sine by the cosine will verify this, as 
follows : 



2.3.4 •; 


r ~2.3 • 2.3.4.5 "V ' 3 
•^■^ 2 + 2.3.4 ■"•• 




3 2.3.4.5 T^ •••• 
Z^ 2.3 ^+ •••• 




A C •*' + • • •• 
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Tbe preceding series roust cease to be coDvergent when « =s -> if 

not before ; and must, therefore, be regarded (Algehruy chap, ix.) as 
an algebraical equivalent of the tangent. 

(141.) We shall now proceed to the determination of tan. 2'* 

Let us first take that yalue which lies between — ^ and + ^, (134.) 



which we have agreed to call tan-ij. 

the latter fraction being made by multiplying numerator and deno- 
minator of the preceding by s*-*^-i. From this we find 



1 |*-/^_g-»V^ 1 gar^TI- 
From (101.) tana: =s -7=- - — — = — — ^ =s -7= ^_ 



o /"-r 1 + n/ — l.tanx , , ^. . * , . 

52* y/^ = .J — ^ and (i4fee6ro, p. 226, formula 3.) 

1 — V — 1 tan* 

logg2*v'rr_2(\/iri.tana: + J('^^tanx)« + J('^^^^)* + - 
= 2 V — l(tana:— Jtan'x-f Jtan^or — &c.) 

Before proceeding further, annex 2irmv— 1 to the second side 
(102.), because (124.) we have no right to conclude that any one 
logarithm of the first side is equal to any one logarithm of the other. 
And, to make the question clear of all difficulties, except one, take a 
specific value for the tangent of x, say *1. We want to determine 
the angle or angles which have *1 for their tangent. Calculate 

, 001 , -00001 , , „ .. 

•1 — -f — - — — 8cc. and call it v. 

Then, taking the general logarithms of both sides, we have 



2arV' — 1 +2flrwV — I = 2t?>/ — 1 +2^»i>/-l 
or a: + nT =s t? + mx, and a: =s t? + (m — fi)w, 
which is the same as a; = t? + p«', 

where p is any whole number, positive or negative. By proceeding 
similarly with the general series, we obtain 

X = (tana: — J tan 'a: + Jtan^a: — &c.) -f-^fl', 

a result of a true form; for (44.) whatever angle v has a given 
tangent, v-^pir has the same. The only question is, with a given 
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tangent, to which of the angles does the series itself belong? To in- 
vestigate this, we shall produce the series itself by aid of the le^st 
chapter. Firstly, we must investigate Dtan^j* (129.) 

Here fx = tana;, D/r = 90: = 1 +tan^j;, 

^-^^ 0(/-i^) 1 +(tan. tan^jj:)' 1 4-jr« 



or 



Dtan^jX = T4— 2 = 1— a;*+a:* — a;^+ 



{Algebra, p. 16), from which, by reasoning similar to that in (135.) 

tan .X :=a7 — - +T — •••• -^"^^• 
— i 00 

Now, if we look at (128.), we see that the only supposition on 
which the reasoning there given can fail, is where x itself is infinite ; 

for • , never becomes infinite for possible values of x. Conse- 

1 -f"^ 

quently, between tan^jj: = — -, and tan^^ar = +•- there is no 
change of value of the constant. Let C^ be the value of the constant 
which belongs to the interval between — - and + - (in which tan^jj: 
is tan.jjr); then 

tan-1 X = a; — - +5 — 4-Ci; 

but when x = 0, tan-^jr = 0, and therefore, as in (135.)> Cj = 0, 
or we have 

* -1 x® r* ar' , 



for X write tanx, and (134.) we have 

X = tan a; — J tan 'a; + J tan^a; — &c. 
that is, the value of the series is the angle which has the tangent 

IT IF 

specified in it, and which lies between — - and H — . 

This series is convergent only when tanjr is less than 1. But we 
may immediately produce a series which shall always be convergent, 
as follows. From (135.) 

• -1 , 1 a-' 1.3 j;^ . 
sm * a: = a; H H 1- 

^2 3 ^ 2.4 5 ^ 
for X write slnj, which gives 
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« 3 «.4 5 



for siDx write tanx -f- >/(l + tan'x), and then write tan^^x for i, 
which gives 

* -1 ^ fi . ^ ^ ^ . 1.3 1 1 ] 

which will be found (Algebra^ p. 182) to be always convergent. 

(142.) As an exercise, deduce from x = tan x — ^ tan'x + &c. 
by taking derived functions of both sides, the following series: 

C08*a: as 1 — tan*x -f- tan*jr — |and verify them 

gin*ar = tan*ar — tan*a? + tan^a: — • • • o otherwise. 
(143.) A series of periodic quantities, such as 

sin^ 4- sin2^ 4- sin3^ 4- 8in4^ + adinf, 

can neither be called coiffergent nor divergent. If for we take any 
value, these sines will be a succession of positive and negative quan- 
tities, in parcels, no one of which exceeds unity. If, for example, we 

had 9 3s -, the series ivould be 
4 

(J V2 4. 1 4- } n/2 4-0- J V-J - 1 - i n/2-0) 
4- a second parcel of the same form ; 

4- a third ; 4- ^ 'l/** 

to which we may give the form 

(1 + >/2) {] -1 + 1 -] + adinf) 

The meaning of this series has been already discussed in Algebra^ 
p. 197. The question is, are we now to say that the preceding series 
is one-half of 1 4- n/ 2. In the chapter cited, we found the series 
1 — 14-1 — 14-.».« to be a (then) unintelligible litniting form 
ofl — X •\' x^ — x'4- •••• which was always arithmetically equal 

to , as long as x was less than 1 : whence we assumed \ = 

1 -j-x 

1 — 14-1 — . . . . , and found that the one side was an algebraical 
equivalent of the other. Let us then examine the series 

a; sin ^ 4- a;* sin 2d 4- 2' sin 3d 4- (x<l), 
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which we may now call conreigent, as its terms are severally less than 
those of the series j; + jr* + j:* -f . . . ., which is convergent. We 
may sum this series in varioas ways, of which we shall choose two. 

1. sin(n + 1) ^ + sin(n — 1)^ := 2sinntf .costf gives 

91 = 1» :r sin 2 ^ + = 2 x sin ^ . cos ^ 

n = 2, x^sinSd + jr^sintf = 2:i;^sin2^ . cos^ 
n = 3y a;'8in4^ + ^sin2^ := 22r'8in3^ . cos^ &c. 

If, then, we call the sum of the whole series S, and sum these 
equations ad infinitumy the sum of the first column, x sin 2 -f x^ 
sin 3 9 + • . • • is (S — j: sin 0) -;- j: ; that of the second column is 
xS; that of the third column is 2 S cos 9. Consequently, 

S — jTsinO, c« rfco A c. JTsinO 

+ or S = 2Scosd, or b := 



X ^ * j:*— 2j:cos0 + 1* 

2. Let the sines be replaced by their exponential values, wliich 
gives 

\ xy 1 xy-^ 1 xy — xy~^ 

"" 2>/^ 1— xy 2>/^ 1— jry-i 2^/^ 1 — (y+y-^x + x* 

X y — y-^ xsinO 

"" 1— (y-f3(-i)x + x* 2>/^ "" 1— 2cose.x+x« 

the same as before. Now, if in this result we make a ^ 1, we 
find it become 

sind 2sini0.cosi9 , B 

or or k cot- 



2(1^ cose) 4sint£ -* 2 

s 

that is, J cot- = sind + 8in2^ -f sin3d -f- .... 

on which we must remark, that arithmetical equality has ceased, 
and that the sign = can only mean {Algebroy chap, ix.) that one side 
may be substituted for the other without producing discordances in 
any arithmetical consequence of the substitution. For instance, we 
shall consider the following result, which those who have any idea of 
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aiithmetical ideotity between the two will be turprised at. The 
smaller we make 9, the greater is the value of the seriee. On which 
remark, that this is not a series of terms with fixed signs, bat one in 
which the signs are positive and negative in parcels, the number of 
terms in each parcel depending upon the value of 9, First, let 9 be 
diminished until the first three angles lie in the first two right angles 
the signs then are, 

"T "T" "r "" "" 

let further diminution take place until six angles are less than ir; 
the signs are then, 

and so on. Now, one very simple case of the series is tbat in whi 
9 is 2i measure of^r, say n9 =: ir. We have then sin(n0-l-0) = 
— sind, sin(iid -{- 26) := — sin 2 0, &c.; so that, if we put b for 
sin + sin 2 + • • • • -h sin /i 0, we have a — a-f-a — a+ ....or 
\n for the series. It remains then, only to find an expression for a; 
now we have 



a =: 



■" 2>/::::i 2 — (:y+ir-i) 

sin 0-|- sin 710 — sin(n-|-l)0 

"~ 2(1 — COS0) 

which, if 710 = TT, sinTiO == 0, sin (71 -|- 1)0 = — sin 0, gives 

a = —r. rr ; and - is the sum of the series already found. 

2(1 — COS0)' 2 ' 

(144.) If = -TT, 771 and n being whole numbers, and if F0 

n 

be a primary function of 0, or any function whatsoever of primary 
functions which is really periodic, the series F0 -|- F20 -f .... can 
always be reduced to the form a — a-f-a — a-f ....; and the whole 
question of assigning an algebraical equivalent to4he series, in ^t7e 
terms, is, therefore, made to depend upon the considerations deve- 
loped in the ninth chapter of my Algebra, And, when 9 is not com- 
mensurable with TTf we know that may be found to lie between 

— IT and TT where n is greater than any number named: so 

n n 
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that the question in any- other case is resolved into the general 
question discussed in the treatise on Number and Magnitude. 

(145.) When both the series and its algebraical invelopement * 
are periodic in value, there is generally no difficulty with regard to 
the constants which may enter. But it may happen that one side 
increases without limit while the other side is periodic, in which 
case a discontinuous constant must enter. 

For instancci let the series be 

sintf + -sin2d -|- -sinSd H- .... 

which differs from that in (143.) by having terms which decrease 
without limit ; but which are positive and negative in parcels deter- 
mined by the value of 0. This series is, 

Now, { Jfeeiro, p. 226) y + ^y' + ^f + .. == — log(]-y) 

whence the series = — r==- ] log f 1 } — log(l — y) \ 

1— log -y-^ = -JU=logf-l) = _^logg-(^+^) 

Because - =5 g-^'^^i = g-(^ + «')'^^^; and, as in (102.), 

the general logarithm gives 

. . , 1 . 0.1 , 27rn'v/IIT— (0-f«-)>/^ Q^ir 

8md + -sin2^4- .. = ;__ — = ncn ~ 

2 ^ 2V-.I -i 

It remains to determine the value of n, corresponding to the 
condition that lies between certain limits, which limits are also to 

TT 11 

be found. Let = -; the series becomes 1 — 5 4" i — • • • • or 

1 ^ 

(141.) tan"*!, that is -, whence we find 

* I use this word as opposed to developement ; thus ^ is the inve- 
lopement of 1— 1 + 1— 1+ ...... 



^rrl 
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flrn r = 7, or n = 1 nvhen tf = « 

4 4 • 

9 9 If 

Similarly, Arit — - ^ — -r or n = when ^ ^ — - 

4 4 I 

NoWy the addition of 2 «- to the first side of the equation creates 
no difference ; neither must it do so on the second side. To satisfy 
this condition, consistently with those just deduced, and also with 
another which appears immediately, namely, that a change of sign 
in changes the sign of the first side, and, therefore, of the second, 

let 111 be the value of n between = and 0^-9 and n, between 

= and 9 := . We have then 

2 



+ ir 



= _ (fl-n, j-^) or Hi = —ng-f 1 



the only value of which is n, s= 0, fi| ^ 1, since the only change 
consistent with periodicity is the addition of «*, whenever has re- 
ceived an increase of 2 x : and since n is 1 when B ^s-^ and when 

Iff 
= — -, and the change takes place when 9 changes from negative 

a 

to positive, it must be as just stated. Such an expression as a 

can only thus be made identical with a periodic series ; for, when 9 

becomes -f 2ir, then the preceding becomes a — r — -, in which, 

if the same succession of values is to recur while the angle changes 
from 04-27r to + 4 x, a must be increased by r, so that a — ir 
may be then what a was. The result is that 

from tf = — 2flr to ^ = the series is rr- , \. r and — ? 

2 between 2 2 

d= to d = 2^ ^-^+' ' 



• • 



6 = 2flr to ^ = 4flr .... 2flr — 



2 2 2 

9+w w ir 



2 2 2 

and so on. 

C146.) Let us consider the series 

a^ a' 

asinP + - 8in2d -f — sinSd -f . . . . 
2 3 
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which is reduced to the preceding by a = 1. Substitute for sin^, 
as in (145.)i aod the preceding becomes 

_^|,og(l_p_,og(l-ay)} or -J^^^o,l=^^ 

But y = costf 4- n/ — Isin^ - = cosd — v — 1 sin^ 

1 1 — acosQ •\-as\x\B ^ — 1 

whence the series is — 7-=- log . ^ / 

2V— 1 1 — acosO — flSinOv — 1 

Let 1— aoos^ = rcos^, asinO = rsin^, whence ^ = 

tan , ( ^^'" — :^ . The value of tlve series becomes 

"* \1 — flCOSO/ 

/ V —\ 

1 cos0 4-sin0v —I 1 £_ 

2VII1 COS0 — sin^N/m "" 2n/^ og^_^^^ 
1 9A^-l 2 0V'^ + 2n7r's/II7 

• /I . «* • o>i . I . -1 ^ asin0 \ 

asm^ + - sin2^ + .... = wcr + tan I ; j 

2 M — acosO/ 

where tan , is changed into tan-*, as the difference between the two 
is expressed in the remaining term. In the form here given, n will 
have only one value ; for tan~i j? is not a continually increasing term, 

being limited to that angle which lies between — - and -|- -. And, 

when a is very small, the preceding series is very small, wliich cannot 
be true of the second side, unless n =: 0. Consequently, we have 

^ ./ flsinO \ ' A , o^ ' oa , 

\1 — acosOJ 2 

This brings us to consider the difference between tan-i tan0 

ft V 

and 9, which are equals only when 9 lies between — - and -|- 7 * 

but, if be greater than -, it is not tan-UanO which is = 0, but 

one of the values of tan.itanO. Consequently, as 9 increases in 
successive revolutions, the expression tan-^tanO is periodic, varying 

It ?r 

continually between - and — -. And similar considerations may 

/i) db 

be applied to sin-^sinO, which has the same limits, and to cos-^cos© 
which has the limits and ^. We shall immediately see tl^ use of 

M 2 
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this when we proceed to the series of last article, considered as a 
particular case of the present one. Let a = 1, then we have 

2sin^.co8i g f^ Q. 

= ^«n.^ =«ot5=tan^^-«-j 



asind 



1— flcoso 28in*^ 

2 



or 



tan-itanfj — -) = sintf -f -sin2tf + o"n3tf -f .... 
\2 2/ 2 3 



a 



if we write the first side - — -9 we are in error, for the two are not 

2 2 

w ir «* 

the same, except when - — - lies between — - and -f- -, or when 

lies between and 2ir. Such a transition would requite a con- 
tinual correction, amounting, in fact, to the process of the last article : 

but tan'^tanjT is, by definition, the angle which lies between — - 

and + r> sind has x for its tangent. 

The student should now prove the following theorems, illustrative 
of the limitation of F~i, as distinguished from F.i . 

sin-icosa: = - — x from j: := to jr ^ ^ 

cos-isinj; = - — x from jr= — - toj?^ -f-- 

i 2 2 

cot->tan x = - — X from x ^ 0toj:=:4-<r 

(147.) We now proceed to some adaptations of the theorems in 
c'lap. ii. to the notation of inverse functions. 

sin (sin-ijr -|-sin-iy) sssinsin-^x.cossin-^y -|-cossin-^j:.sinsin"iy 

=s xn/ I — y +^^1— x« 

cos(sin-ij:-|-sin-\y) = s/\ — jr*. >/l— ^^ — xy 

sin(sin-ijr4-cos"^y) = jy 4- \^1 — x* vi — y* 

sin (2 sin- ij;) = 2x^ X-^x^ cos (2 sin- J j:) = 1 — 2j:* 

sin (2 cos -^jt) =: 2 jn/i — x* cos(2cos-^j:) = 2x* — 1 

Is it true that sin (2 sin-^x) = sin (2 cos-^j)? if not, why? 
Investigate the consequences of the ambiguity of sign implied in 
V , and also ascertain within what limits the following is true, 
and when and how it must be corrected. 

sin-ij: -f sin-iy = sin-i(j:N/l — y^ +y*^l — x') 
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.-l„^ = l+A 



2x 



Next, tan(tan— ijr -f tan— ly) = ; ^, tan(2tan— ij) := ; = 

1 — xy 1 — j: 

tan-ij: + tan-iy = tan-^T ^jy ^ J 

This latter equation is true whenever the sum of tan-^x and tan-^-^y 

lies between — - and r- : but if it do not, say, for instance, it lies 

between - and ir, then either ir must be subtracted from the first 

side, or tan_i must be used on the second ; and so on. In the same 
manner deduce (with similar limitation), 

1-1 JT + tan-iy + tan-^ar = tan-i I ~^ ^ ^ ^— } 

•^ \1 — xy-^yz — zxJ 

3: -V y __ ^ 1 —X 



tan- 



(148.) Let 



or V = 

1 — xy ^ \ -^ X 

tan-i. + tan-i(i^)=f 



which gives 



Let j: = -, V = -, and then tan— i- + tan— i- = -, 
2 -^ 3 2 3 4 

which gives an easy method of computing the value of <r. For (141 .) 

11 .11 11 



tan-i- = - 
2 2 



3 2« "^ 5 2* 



7 2^ 



+ 



^" 3 "■ 3 3 3« "*" 5 3* 7 §7 "^ " 

4 "= 2 "*" 3 ^ 3 \2» "^ 3V "^ 5 \2« ■*■ 3V "" ^''• 

1 1 
Write p and q for - and - (divide by 4 and 9 at every step). 



p = -50000000000 
p^ = -12500000000 
f^ = -03125000000 
/ = -00781250000 
I^ = -00195312500 
/)" = -00048828125 
J5»3 = -00012207031 
/)" = 00003051758 
p'^ = -00000762940 
jo»» = -00000190735 
p^ = -00000047684 
/3 — -00000011921 
JO** = -00000002980 
p^ = -00000000745 
j[>» = -00000000186 
;?« — -00000000047 
jD^s = -00000000012 
p^ = -00000000003 



q = -33333333333 
93 = -03703703704 
9« = -00411522634 
97 = -00045724737 
q^ = -00005080526 
9»t = -00000564503 
9'8 = -00000062723 
9»« = -00000006969 
9«7 — -00000000774 
9»» = -00000000086 
9« = -00000000009 
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Now let (/>»• -h y*) H- » 


be denoted by r^. 


'•i = ' 


83333333333 


r, = -05401234568 


^ = • 


00707304527 


r, = -00118139248 


'•9 = 


-0002226569^ 


r„ = -00004490239 


n8«= 


'00000W3827 


r„ as 00000203915 


'•it = 


•00000044924 


r^ =a -00000010043 


'■.I = 


•00000002271 


r„ = -00000000518 


r» = 


0OO00O0OU9 


r„ IS '00000000028 


r^ = 


•00000000006 


r„ = -00000000002 




'84063894899 


•05524078561 




•84063894899 




i «• = -78539816338 

4 



5r = 3-14159265352 
which is correct, with the exception of the last place. 



(149.) sin-ij = cos-i>/l— j;» = tan-i 



, &c. Form 



Vl — jr« 

all similar equations, and explain under what limitations they are 
true. 

It must be observed that every sucb equation becomes true (134.) 
when sin^i, &c. are substituted for sin~^, &c. But it does not follow 
that the same value of m iu the general equation 

sin^io: = 2m^ -I- sin-*:i; = (2m + l)fir — sin""*a: 
must be applied on both sides of the equation. 

(150.) The angle sin^^j: is made, by convention^ aperiodic angle. 

If IT 

It changes through 0, -, 0, — -, 0, 8tc. while x changes through 0, 1, 
0, —1, 0, &c. 

If jr be greater than 1, the angle sin-^j: becomes impossible. 
If in the expressions for sinj? and cosjr, we write j:\/-^1 for x, 
we have 



sm 



(xv/ri) =1 



—x 



:-* 



cos 



2n/— 1 



or 



sin(xV — 1) 

or — '- = cos(a;V — l)- 

The right hand sides of the equations are no longer periodic ; and in 



€* + c--" 
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the same way as all functions of sines, cosines, &c. may be expressed 
by exponential functions of j: and n/ — 1, so all exponential functions 
may be expressed by forms of sines and cosines o(x'*/ — 1. 

(151.) We may thus always give to periodic series their correct 
periodic values, either in terms of the primary functions, sines, &c. 
which are periodic, or by the introduction of periodic angletf sin^^sinO, 
cos-~^cosO, &c. Having illustrated this point, on which freedom 
from error mainly depends, I shall proceed in the next chapter to 
some applications of trigonometry, which will give a first view of the 
manner in which it is used in astronomy and other branches of 
physics. 
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CHAPTER VIII. 

APPLICATIONS OF THE PRECEDING CHAPTERS. 

(152.) Tdb following question oecurs seversil times in astronomy:— 
If tan0 s= mtanO, required the developement of in a series of terms 
which shall be functions of m and 1 the supposition being that m 
is nearly unity, so that one value of is nearly 0, or = d nearly 
is the solution to which better approximation is required. Let e^^ 
be called n; then we have 



Now, 






^20 (1— m)»?'' + (l + m) cu*^-fl ^ l-;« 

whence n ^ = 57- ^ — rj where c = T~r~ 

^ (14-m)»?^4-(l— w) fi^ + c 1+'" 

or log»?^*^ = log(i H-c»j«^) — log(l 4-C»j-^) — logJj^ 

But r*^=g"^^^^ log„~*^ = --2p\/3r+2^?iVlT,&c. 
whence ^2(p^^+2'jrn^'^ = — 2^^"^— 2«'wV3r 

Divide both sides by — 2v — 1, and since n-^n' is simply any whole 
number positive or negative, which call r, 

2 c' 2 c' 

^ — r*T = ^— 2csin2^ -f — sin4d -8in6d+ &c. 

Since ^ is to be the value nearest to 9, we must have r ^ 0, or 
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(p = d — 2csin2^ 4- — sin4^ — sin6^ -|- &c. 

(153.) Let it now be proposed to expand the first side of the fol- 
lowing equation in a series of the form of the second. 



= flo + a, cosd -|-«ocos2^ -I- fljCosSd + 

l+eCOS0 O'l 12 '3 

Assume a:« + 2/* = 1 2xt/ = e 

Let ^ = z g^-/^ = w. Then, 

X 

x^ 1 1 • 



l-t-eCOS0 1 -j-2to> * 1 -|-2to>-l 

= (1— 2rw + ;2V — ...) (1— 2rw-^+22w-2— ...) 

= — — , |l-.2zcosd + 22;2cos2^-2;^*cos3^-f ....[ 

1 — 2* I ) 



Now, 2a; = ^1+^+ n/1— e 2y = n/1 -f e— -v/l— e 

y Vl+e— Vl— c i_N/rZ? 
z = - = y y = (Algebra, p. 119.) 

1-^ = -L=.{l-2(^"^^^cos^ + 2(^-^^^cos2^.>..| 

If we take the other sign for *s/l — e' throughout, we have a 
developement which is an algebraical equivalent of the first side, but 
which is divergent when the one just found is convergent! It appears 
also that this form of developement is not arithmetical, unless e be 
less than 1. We shall now develope the series in powers of e, so as 
to include every term up to the third power of e. Firstly we have 
(rejecting every term above the third power) 
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= J 6 -f i C* + ...• whence the series is 

e 

(l + Je«)(l-2(i64-Je»)costf+2(}6+Jc»)«cos2d 

— 2(i6 + Jc*)»co83d + ....) 

Develope the second factor, rejecting all powers of e above the 
third, which gives 

(l + J<?2)(l-i^co8d4-Jcos2d-^cos3^) 
Multiply, rejecting e*, &c. which gives 

l4-le2 ^^ — costf +- co82tf— 7 cos3d 

• » 4 2 4 

Multiply both sides by 1 — e* with similar rejection, which gives 
= 1 — T — cosd + - cos2^ — - cos3tf 



1+CCOS0 2 4 2 4 

(154.) We might also obtain the preceding result as follows 
{A/gebra, p. 161). 



1—e' 



= (1 — e*) (1— ecos^-|-e« cos^d— e^ cos»^), rejecting c*, &c. 

= 1— C-— (e— e')cosd + e*cos^^ — e^cos'^ 

= 1— 62— (6-.e')co8d-fe«(J-fJcos2^)— €»(|cos^4.Jcos3 
which, reduced, gives the same result as before. 

(155.) Theorem. While 9 varies firom to 2ir, or from a to 
a-j-27r, every expression of the form asin0 + 6sin29+ ••• • or 
a tan + 6 tan 2 d + • • • • &c. has as many positive as negative values; 
that is, for every positive value which the series has for one value of 0, 
there is a negative value which it has for another, numerically equal 
to the positive value. 

This theorem depends upon another, namely, that in the same 
revolution there is always a second angle ^ to any given angle 0, 
such that 

sin Sf = — sin d, sin 2 d' = — sin 2d, sin 3 d' = — sin 3^ • • • • at^ inj 

tan^ = — tan^, tan2^' = — tan2^, tan3^' = — tan3d...- ad inj 

The angle in question is 2 tt — 0, as appears from (44). It is, 
therefore, evident that F 9 being either series mentioned, F (2 x — 0) 



APPLICATIONS OF THE PRECEDING CHAPTERS. 133 

= — F0. The cosine has not a similar property, but is contained 
witli the others in the following general theorem, of which the one 
just given is a more simple equivalent as regards the sine and 
tangent. 

Theorem. If 9 be an aliquot part of 2x and FO =: sind or 
cos 9, &c. 

F^ + F(2d) + F(3^)+ 4-F(2^ or n&) = 

This is already proved for the sine and tangent, since the series may 
be made from the beginning and end, into one of terms such as 
Tx-{-T {2ir — x), which are severally =0; and the middle term, 
if there be one, is F(7r) = 0, and the last term F(27r) = 0. For 
the cosine, if there be a middle term, F(7r), that is, if n be even, 
all the series preceding Tir may be arranged in terms of the 
form Fj;-|-F(7r — j:), each of which =0; and all from F(7r4-0) 
to F(2?r — 9), the last but one, may be arranged in terms of the 
form F(7r + j) + F(2 7r — x), which are severally = 0. And the 
remaining terms, Ftt and F2w, give F7r-f-F27r = 0. When there 
is not a middle term Ftt, or when n is odd, we must make use of a 
general demonstration derived from the method in (143), by which it 
it is proved that 

n I «n I «/» I . n COS + COSH — 1 — COsCu 4-1)9 

:os + cos 20 + COS 30 + ....+ COS wO= 7- ^ ^ L. 

2(1 — cos 0) 

the second side of which becomes when nO = 27r. 
Similarly, in (143), we have the series 

■ a I • on I • o/i I 1 /I sinO + sinnO — sin (n +1)0 
sm + sm 2 + sm 3 + , . . . + sm nO = \ ^ J 

2(1— cos 0) 

which becomes = when w = 2 tt. And the samcy in both cases, 

if n9 = 2mir, 

Hence it appears, that if we have such an expression as 

a sin + 6 sin 2 + .... , and if we substitute for successively 

2ir 47r , r 1 - t 

.... up to 2 TT, the sum of each of the sets of terms corre- 

n n 

sponding to asinO, to 6 sin 20, &c., is = 0, whence the following 

' result. If we take angles uniformly distributed in value between 

and 2 tr, the sum of the negative values of a sin + 6 sin 2 + ... . 

will be equal to the sum of the positive values; and the same of 

a cos + 6 cos 20 + .... ; more briefly expressed thus : the mean 

N 
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value of either of the preceding espfesaioos is natlur^. If, then, 
we have an expression such as a^ + 'i sinO + a, sin 2 6 -f- • • • • 
the sura of n values, the angles of which are uniformly distributed 
through four right angles, will be na^ -)- ; that is, a^, or a^ b the 
m€Mn value of the series. Hence an infinite number of ways of de- 
termining a magnitude which oscillates on one side and the other of 
a given magnitude: such as is almost every magnitude which is 
considered in astronomy. 

(156.) We shall now inquire into the method of forming the 

product of two series such as o^ + a, cos 9 ^a^ cos 29 + 

and bQ'^b^cos9 '\-b^cos2 9 -^ Let s ^ (ra) be the abbre- 
viation of the series whose terms are the values of ^n for all whole 
numbers from to oc. Then the preceding series are denoted by 
Sa.cosiiO and 2b^cosn9; their sum is 2 (on -)-6»)cos#iO, and its 
mean value <io -)- ^0 ; their difference 2(0^ — 6,)cosw0, and its mean 
value Uq — bQ, Their product is San^MCosndcosfTid, for every pos- 
sible simultaneous pair of values of m and n, both being positive 
whole numbers. It is evident, moreover, that 2 (/), -|- y,) = 2/?, -f ^9n' 
If, then, we give the general term 

cTn Jto cos nd cos Twd its value Jan&mCos(m-f n)d + Jflr«&„co«(m— w)d 

we have 

lanCosndx'S,bm<iosm& = j2an&,„cos(m-|-w)d-f j2an&mCos(w2— «1 

To find the co-efficient of a given cosine, cospO, in the pro- 
duct, we must inquire in how many ways m'\-n may be made to 
give /?, and m — n either/? or — p, for cos( — p9) =icosp9. Let 
us, then, first ask for the mean value of the product, or the term 
independent of 0. The only way in which m -f- n gives nothing (m and n 
always positive whole numbers, included) is when i7i = n^O, 
which contributes ^OQbQ to the mean value in question. But m — n 
= wheneverm = 71, which contributes iflo^o+ii''i^i + ^^a^a4-»»" 
ad inf, ; so that the mean value of the product is fi^o^o+i^'i^i+i^a^a 

-{- The student might perhaps think that the mean value 

ought to have been a^b^^ and may reason thus : If there be a magni- 
tude which, one time with another, is a^y and a second which is b^f 
the product is as often above as below a^h^, and the latter should 
therefore be the mean value. But this is not true, as the most simple 
instance will shew. The average of 7 and 3 is 5 ; that of 4 and 12 
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is 8 ; the product of the averagM is 4(X; the average of the products 
is 34|. In the series deduced in (153)> the mean value of the square 
of 1 -r (1 + e cos G) is, by the preceding rule, g J + i a^? -|- ^ oS H- .... 

(157.) I now ask for the term of the product which contains 
cos 5 9, The number of ways in which m-\-n can be made = 5 is 
finite, namely, 

71 = m = 5; n= I m =4; n •=•2 »i = 3; 
n = 3 7w = 2; n = 4 m = l; 7i = 5 w=sO 

which contributes 

to the co-efficient. Now all the ways of making m — « = 5 or — 5, 
are infinite in number, giving 

m=z 5, w = 0, or nis=0, 71 = 6; wi = 6, 7i = l, 
or 7w = 1, w = 6 ; 7W = 7, 71 = 2, or tw = 2, 7i = 7, &c. 

which contribute 

I («o65+«5*o) + J («i66-f c^e^i) + K^giy + ^y^^) + 

The co-efficient is therefore 

!«o65H-«i 64 -1-0263+0362 + 0461 + 0560 
+ 0065 + 0166 + 0267 + 0368 + 0469+ •••• 
+ 0560+0661+0762 + ^863 + 0964+ .... 

Similarly, the co-efficient of cosnd is 

, . ,. - 1 Oo6„+ai6n-iH +On6o 

the half 



of]. 



+ Oo6n +Oi6„+i+. hO„6o + On+i6i + 



The student should now actually multiply some terms of 
Stf.cosnd and s^^cosmd, and thus produce the result here con* 
densed, in a more expanded form. 
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(158.) The product sa.sinndx ^^msiaiiid must be developed 
in a series of cosines : shew how the several terms may be de- 
duced, and compare them with those of the last The product 
:iansinn0x2bmcoamd must be expanded in a series both of sines 
and cosines : proceed in the same way. 
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CHAPTER IX. 

MISCELLANEOUS ADDITIONS TO THE PRECEDING CHAPTERS. 

In this chapter I propose to touch slightly on several points which 
it is desirable the student should consider, but not necessary, so far 
as Trigonometry is concerned, that he should enter to any great 
depth. 

(159.) Problem. Required a solution of any equation of the 
second degree which has possible roots, by help of the trigonometrical 
tables. 

Let the equation be reduced to the form x'-h 2ax -{• b z:^0, or 
jr*-f 3aj: — b ^ 0, a being either positive or negative, and b being 
positive. Under one or other of these forms every equation can be 
reduced. 

1. x^ + 2ax + b = gives a: = — a± V^a"— 6 

Assume b ss a^ sin^O, or find 9 from sinO = y/b-i^a ; which can be 
done, for, the roots being possible, a is greater than v 6. 

a; = — a± l/a^— a'^sin*^ = — a(l ipcos^) 

9 9 

and — 2 a sin*- and — 2 a cos'- are the roots required. 

2. x^+2ax—b = gives a: = — a ± Vcr + h 

Assume b = a*tan*0, or find 9 from tan9 = s/b-r- a, which can be 
done, as the tangent of an angle may have any value. 

/I— A\ cos0±l ^/icosOil 

X = --a(lH-secd) = —a =— = — v6 — r^^ 

^ ^ cosO sm0 

— 9 _ 

and V^.tan- and — V^cot- are the roots. 

N.B. If a be negative, as in j:' — 2x — 2 = 0, it will be more 
convenient to solve x^-\- 2j: — 2 = 0, and to change the sign of the 
roots of the latter. {Algebra, Chapter V.) 

N 2 
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Examples (with obvious roots for verification.) 



j^-h3x +2 
a =1-5 b 


= 
= 2 


a = '5 


12 
b 


s= 
= 12 


log 6 




2)3010300 


log 6 
log a 




2)1^0791812 


log a 


•1505150 
•1760913 


•5395906 
1-6989700 




!• 9744237 
10 


0-8406206 
10 



L sin 70° 31' 43"- 5 99744237 



L.tan81*'47'12"-5 10*8406206 



logsin35°15'5l"-8 9-7614394—10 logtan40°53'36"-3 99375310-10 

2 log >/6 -5395906 



19-5228788—20 
log a '1760913 

•3010300 

log 1-000000 200000001— 20 

logcos35°15'5l"-8 9'9119544— 10 

2 



log 3000000 10-4771216— 10 



log cot 40*^ 53' 36"- 3 00624690 
log >/6 -5395906 



198239088—20 
•1760913 
-3010300 



log 4-000000 0-6020596 
Roots, 3 and — 4. 



log 2000000 20-3010301-20 
Roots, — 1 and — 2. 

(160.) On the preceding there is a remark to be made, in con- 
tinuation of (120). Having found one root of the first equation 
to be — 2 a sin' ^d, we perceive that at the point where 9 was first 
introduced, in the expression sinO, we might, whatever 9 may be, 
have substituted tt — 9. This shews us that in the result, since 
— 2 a sin' i is a roof, — 2 a sin' i (^r — 0), or — 2acos'i0 
is another root; that is, the other root, since there can be but two. 
We shall illustrate this subject by giving a method of solving an 
equation of the third degree. Let the equation be 



x^+Skx^ + Slx + m = 
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Assume x =sy — k, which gives 

Let k^-'l^p, 2A3— SAZ + wz = y, whence ? = 3py—y' 

But (59.) writing 1 — s^ for c% we have sin30 = 3sin0 — 4sin^0; 
if, then, we assume 3pj/ = 3 A sin 0, and y^ = 4 Asin^O, we have 

y = Asin 30. But the first two equations give A := 2\/j3^, whence 
the equation can be solved if 

sin3d = V "^T ^^^ ^^^^ y ~ 2 V^. sine 

This requires that q^ should not exceed 4p®, in which case the first 
equation is rational. But 30 dl Stt has the same sine as 30, whence, 
by the same process, we discover that the three following expressions 
are values of y, which make q = 2py — y^. 

2l/^sin(^-?^) 2Vpsind, 2Vpsin(d+ —).... (A) 
(161.) If for g^^'*^-! we write Zy we find 

>/— ^2 d= ^Ap^—q^ 

1 

If for z we take either of these values, - is the other with its sign 

z 

changed. Let us assume, then, 

z 
Exti-act the cube root of both sides, and we have 

2^2* or 2Jp^g^^^ = VV4p^^ff+V^^ 

2^p^z'-^ or 2^5"^"^^ = VV^^^^ZV^ 

i ph f §v^ -^a/ttx 

y = 2j^''sm^ = — ^?=i^g — g j 

which, since V — 1 = v — v — 1, and •— va = >/ — «, is 



2 i/p3^ = i/4j93_ q^ 4. ^/_ g2 12l£! = i/4;>3— 52_ vC::^? 
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This is the formula known by the name of Cardan, for the solution 
of ^'— Zpy + 9 ss 0. It may be verified as follows : — Assume 
^ z= u -h Vy which gives 

tt*-|-i7' + 3Mi7(M + r) — 3p(tt +r) + y = 



Let uv = /?, then M^-f 1?*+ J = 0, or 



\x^ -I- (7 1?' + p^ = 0) 



whence u* and t;* are the two roots of the last equation, treated as of 
the second degree. The expression (B) fory is then easily deduced. 
The utility of this result (which is of great historical importance) 
is not considerable, and I shall give the following only as exercises 
for the student. 

1 . The expressions (A) and (B) cannot both have possible forms. 

2. If 1, kf and k? (106) be the cube roots of unity, and if A and B 
be the arithmetical cube roots of f<*and v*; then ii + r, considered 
alone, may have the following forms 

A + B, A + BA, A + BA«, B + AA, B-i-AAS 

BA+AA«, AA + BA«, 

none of which (from « v ss />) are admissible, except 

A + B, Aft + BAS AA^-i-BA, 

which are the three roots of the equation, or values of^. 

3. The expressions (A) are possible when all the roots are pos- 
sible ; and (B) when one only is possible. 

(162.) The equation c?^ — 2cos . jt^+I, is solved by every 

value of X which solves x* — 2 cos (— -^ ) .x+l =0: for (72) 

2 cos 9 = x+ - gives 2 cos n ^ = 0.* + -— . 

•• Ml 

Shew from this that the roots of the given equation are found by 
giving successive whole values to m in the formula 

cos C-±|^) + sin f + ;"»") . 1/— 1 

and sheW; as in (103), that there cannot be more than n roots. 
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(163.) Any quantity of the form a-{-h'^ — 1 can be reduced to 
the form r(cos + sin0>/^). The conditions evidently are, that 
tan = 6-7- a, and r =: V a^ -{- b^* Hence it is easy to shew, that 
all functions of a-f-6>/IIi, &c. may be reduced to the same form : 
thus (115) we have 

(a+Jl/in)(a'4-6'V^)=rr'|cos(^ + + sin(^ + 0^^} 
(a + Jt/ZT)'* = r"|cosW^+sinW^V^^^} 

We may express a-\-b^ — 1 in the form re^'^^-i, which is the most 
compendious method of expressing any algebraical quantity what- 
soever, and allows of r being supposed positive. A negative quantity 
is expressed by making 9 any odd multiple of tt (102) ; a positive 
quantity by making 9 any even multiple of tt : a quantity of the 

form -|-6n/— 1 or — 6>/ — 1, by making d of the form (4»i+l)2 

or (4w-|-3)-, and one of the form a-h^v — 1 by a value of 9, 

which is no whole multiple whatsoever of a right angle. 

(164.) Among possible expressions, those of the form Acos(a0+«) 
or A sin (a +«), are such that the sum or difference of any of them 
is always reducible to the same form, whatever the values of A and a 
may be, provided only that a always remains the same. The two 
forms are not essentially different, for 

Asin(a^ + a) is Acos f a^ + a — ^J 

To prove the theorem, observe that 

Acos(a^4-a)4-A'cos(a^4-a) •— (Acosa4- A'cosa)cos«^ 

— ( Asin a 4- A' sin «') sin a & 
Assume 

A cos a 4- A' cos a = L cos X A sin a + A' sin a = L sin ^ 

or L = VA2 + A2 + 2AA'cos(a-a), 

A sin « -|- A' sin « 

AcOSa+A COS* 

whence Acos (a^ + a) 4- A'cos(a^4-a ) = L cos (a ^4-?.) 
(165.) I shall conclude this chapter with some examples of a 
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pfocess known by the name of successiv^e substitution. Let us sup- 
pose any function of x, fx, and that, beginning with a value of x» 
say a, we form ^a 7=s b, ^b s= c, ^c = e, &c. Or, agreeably to the 
notation of (122), suppose that we form ^a, ^'a, ^'o, &c. Then the 
limit towards which we approach, if we approach any limit at all, 
must be a solution of ^ j: = x. 

For instance, take tlie function 1+ Jx : begin with x = 0, and 
successiTe substitution then gives 

1, 1 + J, l + J(U)or ll> 1+J02)or U, &c. &c. 

the limit is 2, which is the solution of 1 + i^ = ^* 

To prove this generally, suppose it found that we can bring the 
results of successive substitutions as near as we please by carrying 
the process far enough. Let k and k-^-z he the results of two 
successive substitutions: then, by hypothesis, k -\- z ^ ^k. The 
smaller a is, the more nearly does k solve the equation ^x ss x. 
Let / be the limit^ and let /ic = / + ^9 where i may be as small as 
we please. Then ^^-f- ^ + ^ = 0(^ + ^)> which being true for values 
of I and z as small as we please, gives {Algebra, page 157) ^/ sss /. 

(166.) As an example, let the function be 20 + sinx, where 20 
means 20 degrees, and sin x is to be reckoned as a fraction of a 
degree. We begin with x =s 0, which gives 20® ; then 20*+ sin 20' 
is 20'-342, or 20'' 20'i, and 20''+ sin(20** 20'|) is 20''-347; which 
is a near approximation to the solution of x as 20 + sin x where 
1 means one degree. 

(167.) Successive substitutions, finite in number, will sometimes 
give theorems by which the logarithmic tables may be examined in 
many parts at once. For instance, 

XX X X 

sin x = 2 sin - cos - or 2 sin - = sin j; . sec ~ 

2 2 2 2 

4, X t\ » X X . XX 

sm - = 2 sin - sec - =: sm x sec - sec - 
4 2 4 2 4 

_ ^p ^ ^ip ^ip ^p ^p ^p 

8 sin - = 2 sin - sec - sec - = sin x sec - sec - sec - 
8 2 4 8 2 4 8 

and so on ; whence it follows that 

2M . X . XX X 

" sm —- = sm a? . sec - sec - sec — - 

2" 2 4 2* 

XXX X j^ X 

or cos - . cos - . cos - cos — = sin 0? -7- 2** sm — j- 
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If n increase without liroit, the limit of the last dividor is jt; 
whence 



sinx 

X 



cos - cos -- cos - cos --r , , , , ad inf, has the limit 
2 4 8 16 -^ 

This affords an easy method of verifying the value of x, as follows : 



assume j ^ -, we have then 
2 





cos - . 

4 


COS - . COS — 

8 16 


__ 2 


log cos 45° 


C 


0" 


9-8494850 — 10 


• • • • if^ 


30 





9-9656153 — 10 






11 


15 





9-9915739 — 10 






. 5 


37 


30 


9 9979037 — 10 






2 


48 


45 


9-9994766 — 10 






1 


24 


225 


9-9998692 — 10 









42 


11-3 


9 9999673 — 10 






. 


21 


5-7 


9-9999918 — 10 









10 


32-9 


9-9999980 — 10 






. 


5 


16-5 


9-9999995 — 10 









2 


38-3 


9-9999999 — 10 


■ 


109-8038802—110 




141593 


•3010300 


log3- 


•4971498 



I should, however, recommend the student not to proceed further 
in the subject of developement of trigonometrical forms, until he 
is able to apply the Differential Calculus^ without which the theory 
of series will always be very incomplete. 



THE END. 
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